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1 Introduction 

One crucial hypothesis in the definition of Floer homology [12] of a Hamiltonian 
H on a symplectic manifold (W,oj) is that the 1-periodic orbits of the Hamilto- 
nian vector field Xh are nondegenerate. Unless they are all constant - which 
happens if the Hamiltonian is C 2 -small - this forces H to be time-dependent. 
The purpose of this paper is to define Floer homology for a time-independent, or 
autonomous Hamiltonian H : W —> R under the assumption that its 1-periodic 
orbits are transversally nondegenerate. This last condition is generic in the 
space of autonomous Hamiltonians. 

Although this generalization of Floer homology is interesting by itself, our 
main motivation is to understand the relationship between linearized contact 
homology of a tillable contact manifold (M, £) and symplectic homology of the 
filling (W,lo). In this case there is a natural class of time- independent Hamilto- 
nians on W whose nonconstant 1-periodic orbits correspond precisely to closed 
Reeb orbits on M = dW, and for which the Floer trajectories can be related 
to holomorphic cylinders in the symplectization M x ffi [3]. The goal of the 
present paper is to relate the Floer trajectories of a specific time-dependent 
perturbation to the Floer trajectories of the unperturbed Hamiltonian. Thus 
Floer homology for time-independent Hamiltonians serves as a bridge between 
symplectic homology and linearized contact homology. Moreover, the moduli 
spaces of Floer trajectories for autonomous Hamiltonians are related to the 
moduli spaces defining S ^cqui variant symplectic homology [H[5]. 

The Morsc-Bott analysis in this paper is, to the best of our knowledge, new 
to the literature, being based on ideas contained in the first author's Ph.D. 
dissertation PQ within the context of contact homology. Although our situation 
is that of critical manifolds of dimension one, the complexity of the analytical 
setup is the same as that of the higher dimensional case. 

We must mention at this point Frauenfelder's inspired approach [161 Ap- 
pendix A] in which he defines a complex for a Morse-Bott function on a finite 
dimensional manifold via "flow lines with cascades" - these being our Floer 
trajectories with gradient fragments - and in which, without proving the cor- 
respondence with gradient trajectories for some perturbed Morse function, he 
directly shows deformation invariance of the resulting chain complex. 

We now describe the structure of the paper. We give in the introduction only 
a loose statement of our main Correspondence Theorem 13.71 and we recall in 
Section [2] the construction of symplectic homology. Although this is well-known 
to specialists we still need to establish notations, and we seize the occasion to 
set up a general framework using the Novikov ring and nontrivial homotopy 
classes of periodic orbits. 

Section [3] describes the Morse-Bott complex and formally states the Corre- 
spondence Theorem 13.71 The latter is complemented by Proposition 13.91 which 
describes how the coherent orientation signs for the Morsc-Bott complex are 
related to the ones for the Floer complex. 

Section [4] contains the proofs of the previous transversality, compactness, 



Symplectic homology for autonomous Hamiltonians 



3 



gluing and orientation statements. Finally, the Appendix contains the state- 
ments concerned with the asymptotic behaviour of the various types of Floer 
trajectories that we use. These asymptotic estimates enter crucially in the proof 
of the compactness statements, as well as in the definition of the Fredholm setup 
for gluing. 

We end the introduction with an informal presentation of our results. Let 
H : W — ► R be an autonomous Hamiltonian defined on a symplectic manifold 
(W,u>). We assume that H is a Morse function and that the nonconstant 1- 
periodic orbits of H are transversally nondegenerate. The set V(H) of 1-periodic 
orbits of H is the set of critical points of the Hamiltonian action functional and 
consists of isolated elements jp corresponding to critical points p £ Crit(Zf), 
and of nonisolated elements coming in families 5 7 which arc Morse-Bott non- 
degenerate circles. These correspond to reparametrizations of some given orbit 
7 G V(H), with 7 : S 1 = R/Z -> W. 

For each circle 5 7 we choose a perfect Morse function / 7 : 5 7 — > R with 
exactly one maximum Max and one minimum min. Wc denote by 7 m j„, jMax 
the orbits in 5 7 corresponding to the minimum and the maximum of / 7 respec- 
tively We choose a chart S 1 x R 2n_1 9 (t,p) and a smooth cut-off function 
p 7 : S 1 x R 2 " -1 — > R in the neighbourhood of each ^(S 1 ) C W, and we denote 
by l 1 £ Z + the maximal positive integer such that 7(6* + 1/l-y) = j(0), 6 £ S 1 . 

Following [5], for S > small enough the time-dependent Hamiltonian 

H s : S 1 x W -> R, 
H B (9,T,p) :=H-SY^p 7 (T,p)f 7 (T-£ 7 e) 

has only nondegenerate 1-periodic orbits. Moreover, these are of the following 
two types: they are either constant orbits 7p corresponding to critical points 
p £ Crit(iT), or they are nonconstant orbits of the form 7 P £ V(H) for p € 
Crit(/ 7 ). Thus, out of each circle S 1 of periodic orbits for H there are exactly 
two orbits surviving for Hs, namely 7 m i„ and jMax- 

Let J be a generic time-dependent almost complex structure on W. Given 
p £ Crit(/ 7 ), q £ Crit(/ 7 ) we denote by 

M^f p , lq ,H s ,J) 

the moduli space of Floor trajectories for the pair (Hg, J) modulo reparamctriza- 
tion, with negative asymptote j p and positive asymptote 7 . We also denote 

by 

M{S-,Sy, H, J) 

the moduli space of Floer trajectories for the pair (H , J) modulo rcparamctriza- 
tion, with negative asymptote in S— and positive asymptote in 5 7 . Our goal is 
to describe the moduli spaces of the first type in terms of moduli spaces of the 
second type. 
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We denote by 

M(p,q;H,{f y },J) 

the moduli space of Floer trajectories for the pair (H, J) with intermediate 
gradient fragments, consisting of tuples 

[u] = (c m , [u m ], Cm-l, [Um-l], M,C ), TO > 

such that: 

(i) [ui] G M{S li ,S li _ l \H, J),i=l,...,m with j m := 7, 70 := 7; 

(ii) c m is a semi-infinite gradient trajectory of /— = / 7m connecting 7 p to the 
endpoint of u m ; 

(iii) Cj, j — 1, . . . , m — 1 is a finite gradient trajectory of / 7j connecting the 
cndpoints of itj+i and u^; 

(iv) Co is a semi-infinite gradient trajectory of / 7 = / 70 connecting the endpoint 

of mi to 7 . 
— <? 

We give a pictogram of such an element [u] with m > 1 in Figure 2] on page [431 
where one should read Cj instead of 1^. If m — such an clement [u] is simply 
an infinite gradient trajectory of some / 7 . Let us note that, just as the space 
of Floer trajectories for a nondegencrate Hamiltonian can be compactificd by 
adding "broken" Floer trajectories, the space of Floer trajectories with interme- 
diate gradient fragments can be compactified by adding "broken" such objects, 
with an obvious meaning. We denote by M(p, q; H, {/ 7 }, J) these compactified 
moduli spaces. 

Our main result is the following comparison theorem. 

Theorem. The following assertions hold. 

(i) any sequence [v n ] G Al(7 p ,7 ;Hg n ,J), S n — > converges to an element of 
M(p,q;H,{f 7 },J); 

(ii) any element of M.(p, q; H, {/ 7 }, J) can be obtained as such a limit; 

(iii) there is a bijective correspondence between elements of A4(7 p , 7^;^, J) 

and elements of M(p, q; H, {/ 7 }, J) if the difference of index of the end- 
points is equal to one, or equivalently if the moduli spaces have dimension 
zero. 

The rigorous forms for the statements (i), (ii), (iii) are given in Proposi- 
tion 14.71 Proposition 14.221 and Theorem 13.71 respectively. Unsurprisingly, the 
Fredholm setup for the previous theorem uses Sobolev norms with exponential 
weights since we have degenerate asymptotics. Similarly, due to the convergence 
estimates in the Appendix, there are such weights centered on the portions of the 
Floer cylinders approaching gradient fragments. For each peak in the weight, 
there is a special section supported around this peak which has constant norm 
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with respect to 5 — ► 0. For each gradient fragment this section corresponds to 
the reparametrization shift of the underlying gradient trajectory. As <5 — > 0, the 
corresponding peak explodes and thus forbids all infinitesimal variations except 
for the single degree of freedom coming from Morse theory. 

To be useful for homological calculations the above theorem needs to be 
complemented by a statement concerning signs. We describe in Section WM how 
to construct coherent orientations on the relevant spaces of Fredholm operators 
and how to obtain signs e(u) and e(us) for elements [u] £ M(p, q; if, {/ 7 }, J) 
and us £ ■M(sfp>'J q \ H$, J) when the corresponding moduli spaces are zero- 
dimensional. We recall in Remark 13.21 the definition of good orbits borrowed 
from Symplectic Field Theory, where it plays a crucial role in all orientation 
and signs problems. In the following statement we denote again by m > the 
number of nonconstant Floer trajectories involved in u. 

Proposition [3T9l Assume the moduli spaces under consideration have dimen- 
sion zero. The bijective correspondence between elements us £ M.(j p , 7 ;Hs,J) 
and [u] £ A4(p, q; H, {/ 7 }, J) changes signs as follows: 

(i) If m > 1 we have 

e (u) = (-ly-M^); 

(ii) //to = we have u = us and e(u) = e(ug), p is the minimum and q is the 
maximum of the same function / 7 , the moduli space M.(j>, 9; H, {/ 7 }, J) 
consists of the two gradient lines of / 7 running from p to q, and their signs 
are different if and only if the underlying orbit 7 is good. 

This result has two pleasant consequences. On the one hand we can construct 
a "Morse-Bott" chain complex which computes symplectic homology by count- 
ing with suitable signs rigid elements in the moduli spaces A4(p, q; {/ 7 }, J). 
On the other hand, this chain complex singles out algebraically the good orbits 
and can be used to relate the symplectic homology of a manifold (W, u>) with 
contact type boundary to the linearized contact homology of its boundary - the 
latter being defined by a chain complex involving only good orbits. As already 
mentioned at the beginning of this section, this is achieved in [3] . 

Acknowledgements. A.O. has benefited from a Swiss National Fund grant 
under the supervision of Prof. Dietmar Salamon at ETH Zurich. Both authors 
acknowledge financial support from the Fonds National de la Recherche Scien- 
tifique, Belgium, the Forschungsinstitut fur Mathcmatik, Zurich, the Institut de 
Recherche Mathematique Avancee at Universite Louis Pasteur, Strasbourg, as 
well as from the Mathematisches Forschungsinstitut, Oberwolfach. The authors 
would like to thank an anonymous referee for having carefully read through the 
arguments in the paper and for having kindly suggested a solution to a gap in 
the original proof of Proposition 14.91 
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2 Symplectic homology 

Wc define in this section the symplectic homology groups of a symplcctically 
asphcrical manifold with contact type boundary Our construction is modelled 
on those of Ciclicbak, Floor, Hofcr and Viterbo [6J El [131 EE]- We consider 
nontrivial homotopy classes of loops and we use the Novikov ring. 

Let (W, ll>) be a compact symplectic manifold with contact type boundary 
M := dW. This means that there exists a vector field X defined in a neigh- 
bourhood of A/, transverse and pointing outwards along M , and such that 

Cxuj = u). 

Such an X is called a Liouville vector field. The 1-form A := (lx^)\m is a 
contact form on M. We denote by £ the contact distribution defined by A. The 
Reeb vector field R\ is uniquely defined by the conditions ker lo\m = (R\) 
and X(R\) = 1. We denote by <f>\ the flow of R\. The action spectrum of 
(M, A) is defined by 

Spec(M, A) := there is a closed i? A -orbit of period T}. 

We assume throughout this paper the condition 

/ f*u> = for all smooth / : T 2 -> W. (1) 
Jt 2 

This guarantees that the energy of a Floer trajectory does not depend on its 
homology class, but only on its endpoints (see below). Condition (p} plays an 
important role in the Morse-Bott description of the symplectic homology groups. 
Our main class of examples is provided by exact symplectic forms. 

Let (f> be the flow of X. We parametrize a neighbourhood U of M by 

G : M x [—5, 0] — * U, (p, t) ^ <j>* (p) . 

Then d(e'A) is a symplectic form on M x R + and G satisfies G*uj — d(e*A). Wc 
denote 

W := W |J M X K+ 

G 

and endow it with the symplectic form 

^ _ J lu, on W, 

W : ~ \ d(e'A), on M x R+ . 

Given a time-dependent Hamiltonian H : S 1 x W — > K, we define the Hamil- 
tonian vector field AT|f by 

u{X e H ,-)=dH e , 6»eS ,1 =IR/Z, 

where iJe := H(9, •). We denote by 4>h the flow of X 6 Hl defined by <jP H = Id and 

±d ) e H {x)=X e M{x)), 0£K. 
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Let Ti. be the set of admissible Hamiltonians, consisting of functions 
H : S 1 x W -> K which satisfy 

(i) H < on W: 

(ii) H(6,p, t) = ae* + /3 for t large enough, with a ^ Spec(M, A); 

(iii) every 1-periodic orbit 7 : S* 1 — > of X|f is nondegenerate, i.e. 

det(l-d0^( 7 (O))) ^0. 

We denote by V(H) the set of 1-periodic orbits of X e H and by P a (H) the set of 
1-periodic orbits in a given free homotopy class a in W. 

Let denote the set of admissible almost complex structures 

J : S 1 — > End(TW), J 2 = -11 

which are compatible with u3 and have the following standard form for i large 
enough: 

I ^(p,t)k = Jo, ^ 

Here Jo is any compatible complex structure on the symplectic bundle (£, c?A) 
which is independent of 6 and t. 

Let us fix a reference loop Z a : S 1 — > W for each free homotopy class a in 
ly such that [Z a ] = a. If a is the trivial homotopy class we choose l a to be a 
constant loop. Recall that free homotopy classes of loops in W are in one-to-one 
correspondence with conjugacy classes in tvi(W). As a consequence, the inverse 
a -1 of a free homotopy class is well-defined. We require that l a -i coincides with 
the loop l a with the opposite orientation. 

The Hamiltonian action functional acts on pairs (7, [a]) consisting of a 
loop 7 £ C°° (S 1 , W) and the homology class (rel boundary) of a map a : E — > W 
defined on a Riemann surface E with two boundary components 9qE (with the 
opposite boundary orientation) and 9iE (with the boundary orientation), which 
satisfies 

cr\doTi = er| 9lS =7. (3) 

Its values are defined by 

A H (7, M) := - f a*u) - [ H(0 7l (6))d0. (4) 
Js Js 1 

The differential d^ H (7, [ct]) : C 00 (S rl , 7T?) -> K is given by 



«U H (7,M)C:= / S( 7 -^( 7 ),C)^. 

Therefore the critical points of _4tf are pairs (7, [<r]) such that 7 E V{H). We 
fix from now on, for each 7 G V(H), a map cr 7 satisfying ([3]); then the set of all 
pairs (7, [a]) can be identified with H2(W; Z) for fixed 7. 
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Let us choose a symplectic trivialization 
$ a : S 1 x R 2n -> 

for each free homotopy class a in W. If a is the trivial homotopy class we 
choose the trivialization to be constant. Moreover, we require that 3> a -i(0, •) = 
$ o (-0,-), e S 1 = K/Z. For each 7 g there exists a unique (up to 

homotopy) trivialization 

$ 7 : S X R 2n -> cr^TT? 
such that <f> 7 = $[ 7 ] on i9 S x R 2n . Let 

* : [0, 1] - Sp(2n), := $" x 0^(7(0)) o $ 7 . (5) 

Because 7 is nondegenerate we can define the Conley-Zehnder index ^(7) by 

M(7) == M(7. 0-7) : = -Mcz(*), (6) 

where /icz(^) is the Conley-Zehnder index of a path of symplectic matrices [25] . 

Remark 2.1. If, in the previous construction, we replace ct 7 with er 7 #^4 for 
some A g H2(W;Z), then the resulting index will be 

M 7 , = Ai ( 7 , <t 7 ) - 2(*(TW), A). (7) 

We define the Novikov ring A w as the set of formal linear combinations 
A := Y.AeH 2 {w-z) ^Ae A , A^ € Z such that 

#{A| A A ^ 0, < c} < 00 

for all c > 0. The multiplication in A w is given by 

A*A':= ^ A X' B e A+B . 

A,B£H 2 (W;Z) 

We note that, if u> is exact, then A w = Z[H2(W; Z)]. We define a grading on 
A w by |e A | := — 2(ci(TW), A). For each free homotopy class a in W and each 
admissible Hamiltonian H we define the symplectic chain group SC^(H) as 
the free A w -module generated by elements 7 S V a {H). The grading is given by 

|e A 7l :=fxh)-2(c 1 (TW),A). 

We define the space of Floer trajectories M A (j, 7; H, J) as the set of solu- 
tions u : M x S 1 — > W of the equation 

9 s u + J e (d e u-X£) = 0, (8) 

such that 

lim u(s,6) =7(0), lim it(s,0) =7(0), lim <9 s u = (9) 

s— 00 s— »oo — s— >±oo 

uniformly in # and 

[a 7 # M ] = [<r 7 #A]. (10) 
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Remark 2.2. Under the nondegeneracy assumption on 7, 7 condition © is 
equivalent to the finiteness of the energy 

£{u) := £j. H (u) :=l f (\d s u\ 2 e + \d t u - X 9 H \l) dsdO. (11) 

Because 7, 7 are nondegenerate the linearized operator D u : W 1,P (M. x 
S\u*TW) -> LP(R x S^-^'TW), p>2 given by 

D u (:=X7 s ( + J e X7 e (+(\7 c J g )d g u-\7 ( (j e X 9 H ), u G M A {j,r, H, J) (12) 

is Fredholm with index 

wi(D u ) = - /i(7) + 2(c l (TW),A). (13) 

An almost complex structure J G J' is called regular for 116 M. A (*j, 7; if, J) if 
£>„ is surjective, and it is called regular if D u is surjective for all 7, 7 G V{H), 

A G H 2 (W;Z) and u G M A ( 1 J,j;H,J). It is proved in [15] that the space 
Jreg{H) of regular almost complex structures is of the second category in J7. For 
every J G J^ C g{H) the space .M" 4 ^, 7; if, J) is a smooth manifold of dimension 
MO?) — Ml) + 2(ci(TW), A). From now on we fix some J G Jie S (H). 

If 7 7^ 7 or A ^ 0, the additive group M acts freely on M. A (jy, 7; if, J) by 
so • •) := it(so + •, •). We define the moduli space of Floer trajectories 

M A (j,r,H,J) :=M a (j 1 t,H,J)/R. 

Its dimension is 

dim X A (7, 7; if, J) := /i(7) - Ml) + 2<ci(TW0, A) - 1. 

If 7 = 7 and A = 0, the space .M (7, 7; if, J) consists of a single point, cor- 
reponding to a constant solution (i.e. independent of s). The M. action is then 
trivial and we define the moduli space by .M°(7, 7; if, J) := A4°(t", 7; if, J). 
A straightforward application of the maximum principle [28] using the special 
form of admissible Hamiltonians for large t shows that all solutions of equa- 
tions ([HI) and ([9]) arc contained in a compact set. Moreover, by condition ([T|), 

there are no J-holomorphic spheres that can bubble off. Therefore the mod- 

^4 

uli space Al (7, 7; if, J) can be compactificd [12] to a space M (7, 7; if, J) 
consisting of all tuples 

([u k ], [uk-i], ...,[u 

such that 7 j = 7, 7, = 7 i+1 j 7fe = 7 and Sj^i = ^- We call such a tuple 
([ufe], [ufc-i], ■ ■ ■ , [ui]) a broken trajectory of level k. The topology of the 
compactificd moduli space is described by the following notion of convergence: 
a sequence [u v ] G A^(7, 7; if, J) is said to converge to the broken trajectory 
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2 = li 



Figure 1: Broken trajectory. 



([itfc], [itk-i], ■ ■ ■ , [ui]) if there exist sequences G R, 1 < i < k such that s" -u v 
converges uniformly on compact sets to itj. 

If the space A4 A ( 1 J, 7; H, J) is nonempty then its dimension is strictly positive 
due to the action of K. In this case, the^broken trajectories involved in the 
compactification have level at most dim A4 A (^/, 7; H, J). In particular, when 
MO?) ~ Kl) + 2(ci(TW),A) = 1 the moduli space A^ A (7, 7; H, J) is compact 
and consists of a finite number of points. In this situation one can associate a 
sign e(u) to each element [u] of this moduli space [13] (see also Section |4~4|) . We 
define the Floer differential 

d : SCt{H) -> SCi^iH) 

by 

&y:= £ £ e( W )e A 7- (14) 

7, -4 [u]6M A (M;i?,J) 
m(7)-m(7)+2(ci(TW)„4) = 1 

According to Floer [T2] we have d 2 = 0. We define the symplectic homol- 
ogy groups of the pair (H, J) by 

SH?{H, J) := H4SC«(H),d). 

Remark 2.3. In view of condition |T|) the Novikov ring A u can be replaced by 
T\H2{W\ Z)], or even by Z at the price of losing the grading. Indeed, the energy 
of a Floer trajectory depends only on its endpoints, hence the moduli spaces 



.M(7, 7; H, J) := \J A A4 (7, 7;-ff, J) are compact. Therefore the sum (TTJJ in- 
volves only a finite number of classes A. 

By a standard argument [12] the groups SH% (H, J) do not depend on J £ 
^J TCg (H). Nevertheless, they do depend on iJ and, in order to obtain an invariant 
of (W,u), we need an additional algebraic limit construction. We define an 
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admissible homotopy of Hamiltonians as a map .ff":MxS ll xH^— >R with 
the following properties: 

(i) H(s, v ) = F_eH for s < -1, H(s, •, •) = H+ £ H for s > 1; 

(ii) iJ < on and there exist io > and functions a, j3 : R — > R such that, 
for all t >to, we have 

H(s,t,p) = a(s)e* +/3(s); 

(iii) d s H>0. 

An admissible homotopy of almost complex structures is a map J : R — > 

J such that J(s) = J_ for s < — 1 and J(s) = J+ for s > 1. Given an admissible 
homotopy of Hamiltonians one defines regular admissible homotopics of almost 
complex structures in the usual way, by linearizing the equation 

d s u(s, 6) + J(s, 6, u(s, 6))(d 8 u(s, 6) - X B H (s, 6, u(s, 9))) = 0, (15) 

subject to the limit conditions 

lim u(s, •) = 7 e V(H-), lim u(s, ■) = 7 G V{H + ). (16) 

s — > — oc s — ^00 — 

Regular admissible homotopies of almost complex structures form again a set 
of the second category in the space of admissible homotopies and the rigid 
behaviour of H for t > to, together with the condition d s H > 0, ensures again 
that solutions of (fT"5|) and (fT6|) stay in a compact set (see [22] ). The usual count 
of solutions of (fTS"|) and (|16|) induces the monotonicity morphism 

a : SH c :(H_) - SH*(H + ), (17) 

which does not depend on the choice of admissible homotopy connecting 
and H + . These morphisms form a direct system on the set {SH^(H), H £ H} 
and we define the symplectic homology groups of (W, uS) by 

SH«(W,lu) := lim SH^(H). 

According to [H Lemma 3.7] and [28l Theorem 1.7] these groups do not depend 
on the choice of the Liouville vector field X . 

3 The Morse-Bott chain complex 

In this section we apply the Morse-Bott formalism of [T] to the case of Hamil- 
tonians H : W — ► R having circles of 1-periodic orbits. 

We denote by Vx the set of closed unparametrized i?A-orbits in M. For each 
free homotopy class of loops b in M we denote by V\ the set of all 7 £ V\ in the 
homotopy class b. The inclusion i : M W induces a map (still denoted by 
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i) between the sets of free homotopy classes of loops in M and W respectively. 
For each free homotopy class a in If we denote 

P p-> := u n 

bei- 1 (a) 

We assume in this section that the closed Reeb orbits on M are transversally 
nondegcncrate in M. This means that, for every orbit 7 of period T > 0, we 
have 

det (I- #1(7(0)) 1^0. 

This can always be achieved by an arbitrarily small perturbation of A or, equiv- 
alently, of X, and such perturbations do not change the symplectic homology 
groups. If all orbits 7 G V\ arc transversally nondegcncrate one can assign to 
each of them a Conley-Zehndcr index fJ.cz (j) according to the following recipe. 

Wc fix a reference loop If, : S 1 — > M for each free homotopy class b in M 
such that [lb] = b. If 6 is the trivial homotopy class we choose If, to be a constant 
loop and we require that Zj,— 1 coincides with If, with the opposite orientation. 
We define symplectic trivializations 

$ 6 : S 1 x E 2 "- 2 -► lit 

as follows. For each class b we choose a homotopy h a b : S 1 x [0, 1] — > W from 
l a , a = i(b) to such that 

h a -i b -i(T,-) = h ab (-T,-). (18) 

We extend the trivialization $ a : S 1 x R 2 ™ — > /*TW over the homotopy h a & to 
get a trivialization $^ : S 1 x R 2 ™ — > iJTW. This trivialization is homotopic to 
another one, still denoted <f>' b , such that 

$j(S rl x M 2 "- 2 x {0} x {0}) 
^(S 1 x {0} x R x {0}) 
^(S 1 x {0} x {0} x R) 

We define $b := < I ) | ) |s 1 xR 2 "- 2 x{o}x{o}- If b 1S the trivial homotopy class we 
choose h a f, to be a path of constant loops, so that <&& is constant. 

We fix for each 7 £ "Pa a map <r 7 : S — ► M, where S is a Riemann surface 
with two boundary components do~E (with the opposite boundary orientation) 
and diS (with the boundary orientation), satisfying 

o-|9 s = Z[ 7 ], cr|ais = 7- (20) 
For each 7 € Pa there exists a unique (up to homotopy) trivialization 

$ 7 : S x R 2 "- 2 -> cr*^ 



(19) 
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such that $ 7 = $ [7 ] on <9 £ x R 2n ~ 2 . Let 

* : [0,T] Sp(2n- 2), *(r) := o ^(p) o $ 7 , p6im 7 . (21) 
Because 7 is nondegenerate we can define the Conley-Zehnder index ^(j) by 



where ncz(^) is the Conley-Zehnder index of a path of symplectic matrices [23] . 



Remark 3.1. If, in the previous construction, we replace <j 1 with <r 7 #A for 
some A £ Ui(M; Z), then the resulting index will be 



Note that ci(£) = i*d{TW) because i*TW = £® (^,Rx). Moreover, the parity 
of ^(7) is well-defined independently of the trivialization of £ along 7. 

Remark 3.2. For each simple orbit 7 £ V\ we denote by j k , k £ Z + its positive 
iterates. The parity of the Conley-Zehnder index of all the odd, respectively even 
iterates is the same. If these two parities differ we say that all even iterates 7 2fc , 
k £ Z + are bad orbits. It is proved in [37J Lemma 3.2.4] that the even iterates 
of a simple orbit 7 of period T are bad if and only if d(f)^(p)\^, p £ im.7 has 
an odd number of real negative eigenvalues strictly smaller than —1 (see also 
Lemma f4 . 2 5 1) . The orbits in V\ which are not bad are called good orbits. 

We define a new class H' of admissible Hamiltonians consisting of elements 
H : W -> R such that 

(i) H\w is a C 2 -small Morse function and H < on W; 

(ii) H(p,t) = h(t) outside W, where h(t) is a strictly increasing function with 
h(t) = ae l + fl, a, (3 £ R, a £ Spec(M, A) for t bigger than some to, and 
such that h" - ti > on [0, t [. 

Note that the 1-periodic orbits of Xh in W are constant and nondegenerate 
by assumption (i). A direct computation shows that 



M(7) : = m(7>o- 7 ) : = Mcz(*), 



(22) 




0.^,(7^)= n(j,a 1 ) + 2(c 1 (0, A). 



(23) 



X h (p,t) 



(24) 



The 1-periodic orbits of Xh fall in two classes: 



(1) critical points of H in W; 



(2) nonconstant 1-pcriodic orbits of Xh, located on levels M x {t}, t £]0,to[, 
which are in one-to-one correspondence with closed — i?A-orbits of period 
e-*ft'(t). 
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Recall that, for every critical point p £ Crit(-ff), the corresponding constant 
Xff-orbit 7p has Conley-Zchnder index 

/i(7p) = ind(p; —H) - n, n = - dim W, 

where md(p; —H) is the Morse index of p with respect to —H [25l Lemma 7.2]. 

Let a := lim^oo e~ t H(p, t). We denote by V^ a the set of all 7 £ V\ such 
that / 7* A < a. Because H is independent of 0, every orbit 7 G 7^ a gives rise to 
a whole circle of nonconstant 1-periodic orbits 7// of Xjj- We denote by S 7 the 
set of such orbits and identify 5 7 with its image under the natural embedding 
5 7 — > W given by 7# i— ► 7jj(0). Note that all elements of 5 7 differ by a shift in 
the parametrization, and that the 7^ are noninjective if their minimal period 
is smaller than 1. 

Lemma 3.3. Let H £ Tt' . Every nonconstant 1-periodic orbit jh of H is 
transversally nondegenerate in W. 

Proof. We have to show that the only eigenvector of g?</>^(7#(0)) corresponding 
to the eigenvalue 1 is 7jj(0). To this effect we note that £ is an invariant space 
and that 

#k7 ff (o))k = (^r h ' (t) )~ 1 (^(°))lc- 

Because we have assumed that all i?A-orbits are transversally nondegenerate in 
M, it follows that d(f) X H (7ff(0))|{ has no eigenvalue equal to one. On the other 
hand we have 

dd> 1 H ( lH (0))-l i = ^-e- t (h"-h , )R x . 

The conclusion follows because h"(t) — h'(t) > 0. □ 

For each 7 £ Vr a we choose a Morse function f 1 : 5 7 — > R with exactly one 
maximum M and one minimum m. We fix from now on an element H £ %' 
and, for each 7 £ V\ corresponding to a nonconstant jjj £ V(H), we denote 
by £ 7 £ Z + the maximal positive integer such that 7#(# + j-) = 1h{&) for 

all 8 E S 1 . We choose a symplectic trivialization ?/> := (tpi,ip2) '■ U 1 — > 
V C 5 1 x R 2 ™ -1 between open neighbourhoods C/ 7 C FF of 7//(5 1 ) and V of 
S 1 x {0}, such that ^1(7(6*)) = Her e S 1 x R 2 ™ -1 is endowed with the 

symplectic form uj := J2i=i A d P^ 9i € S\ (pi, q2,P2, • ■ ■ , ?n>Pn) £ R 2 " -1 - 
Let p : S 1 x R 2 " -1 — > [0, 1] be a smooth cutoff function supported in a small 
neighbourhood of S 1 x {0} such that p|si x {o} = 1- For S > and (0,p,t) £ 
S* 1 x C/ 7 we define 

:=fc(t) + <yp(V'(p,t))/ 7 (V 1 (p,*)-V)- (25) 

The Hamiltonian iJ^ coincides with H outside the open sets S* 1 x U 1 . This is 
precisely the perturbation described in [5J Proposition 2.2]. It is shown therein 
that, for 8 sufficiently small, the set V{H$) consists of the following elements: 
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(1) constant orbits, which are the same as those of H; 

(2) nonconstant orbits, which are nondegenerate and form pairs (j m in, iMax), 
where 7 G V^f 1 and ^min, iMax coincide with the orbits in S 1 starting at 
the minimum and the maximum of / 7 respectively. 

Lemma 3.4. The periodic orbits JmimlMax G ^(Hs) satisfy 

(Admin) = A*(7) + !> (J-ilMax) = Mt)- (26) 

Proof. We denote by 7# the 1-pcriodic orbit of Xh corresponding to 7 € T J r a . 
We define the Robbin-Salamon index of jh by 

(J-Rsim) ■= M*)> 

where VP : [0, 1] — > Sp(2n) is given by ((5]) and /i( v I / ) is the Robbin-Salamon 
index of an arbitrary path of symplectic matrices [23( §4]. It is shown in [8, 
Proposition 2.2] that 

- M(7mm) = msilH) ~ ^, -(J-{lMax) = (IRs(7h) + (27) 

Note that 7^ has the orientation of — Define ^ : [0, 1] — Sp(2n) by 

:=$- 1 (-0)o^(7(O))o$ 7 ( O ), 

where $ 7 : R/Z x R 2n -> tJ^ZW is the trivialization involved in ©. Then 

(i>rs(-7h) = -(iRsim) = A*(*)- 

Let Sp*(2n) C Sp(2n) be the set of symplectic matrices with no eigenvalue 
equal to 1 and recall that we have denoted by a free homotopy classes of loops 
in W and by b free homotopy classes of loops in M. By our choice (fT%|) and (fiUj) 
of trivializations of TW over the reference loops lb, b G we deduce that 

the path \f is homotopic with endpoint in Sp*(2n) to the path 

[0, 1] Sp(2n) : 6» ^ * A (T6>) ® 

Here T := e -*(/i"(t) - h'(t)) and * A : [0,T] -> Sp(2n - 2) is defined by (j2T|). 
By the symplectic shear axiom for the Robbin-Salamon index [23l Theorem 4.1] 
the index of the above path is (i(j) + h- As a consequence 

~(irs(7h) = (irs{~1h) = Kl) + \- 

Together with (|27|) this yields the conclusion of the Lemma. □ 

Let p G Crit(/ 7 ); then j p G V(Hs) for all 5 G]0, So] if So is small enough, and 
Lemma 13.41 savs that A*(7p) = m(t) + ind(p; / 7 ). If p is a critical point of -ff in 



( 1 
I T0 1 i 
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W we denote by 7_ G V(H) the corresponding constant orbit. Our goal is to 
describe the boundary points as 5 — > of 

^M^P^ H 'ify},J)'= IJ {5}xM A (%, lq ,H s ,J) 7 (28) 

0<S<6 a 

with 

^%)-Kl q )+2(ci(TW),A) = l, 

where 

7, 7 G Pf", P € Crit(/-), g G Crit(/ 2 ), A G F 2 (W; Z), J <E J 

or 

7 € -P^", p G Crit(/ T ), q G Crit(ff), A G H 2 (W;Z), J G J. 

Our description is very similar to that of [T] within the setting of contact 
homology. We fix J G J, 7, 7 G "P^ Q and g G Crit(iT). We define two Morse- 

Bott spaces of Floer trajectories M. A (Sj, S^; H, J) and M. A {S^ 1 q; H, J) as 
follows. 

For 7, 7 G Vf a we denote by M. A {S-,S 1 ;H 1 J) the set of solutions u : 
R x S 1 — > W of the Floer equation jSj subject to the asymptotic conditions 

lim u{s,9) =7 H (0), lim u{s,6) = 7„(6>), lim «9 s ii = (29) 
uniformly in 9, with 

1h G <%i 7 ff € #7 (30) 

and 

[a T #u] = [o- 2 #A]. 

It is implicit in the above definition that the orbits j H and 7^ may vary for 
different elements of M A (Sj, S 7 ; H, J). 

For 7 G Vf a and g G Crit(iJ) we denote by M A (S-,q; H, J) the set of 
solutions u : R x S 1 — > W" of the Floer equation ([5]) subject to the asymptotic 
conditions 

lim u(s,6) =j H (9), lim u(s, 8) = q, lim d s u = (31) 

s — * — 00 s — >oc s — >±oc 

uniformly in 8, with 

1h G % (32) 

and 

= A. 

Again, the orbit 7^ may vary for different elements of Ai A (Sy, q; iJ, J). 
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If 7 7^ 7 or A 7^ 0, the additive group R acts freely on M A (S—,Sy,H,J) 

and A1 A (S'^, g; H, J) by s 1 ■) : = u ( s o + ■, ■)■ We define the Morse-Bott 
moduli spaces of Floer trajectories by 

M A (S-, Sy H, J) := M A (S-, Sy H, J)/R 

and 

M A (S-, q; H, J) := M A {S-, q; H, J)/R. 

If 7 = 7 and A = 0, the space M°(S^, S^; H, J) is diffeomorphic to Sj, con- 
sists of constant cylinders (i.e. independent of s) and the R action is trivial. 
In this case, we define the Morse-Bott moduli spaces by M°(S-,S-;H,J) := 
M°(S-, S-; H, J). We have natural evaluation maps 

ev : M A (S-, Sy H, J) -> S-, ey : M A {S-, Sy H, J) -► S 2 

and 

ev : M A (S 1 -,q;H, J) -► 5 T 

defined by 

cv([it]) := lim u(s, •), ev([tt]) := lim u(s, ■). 

s — > — oo s — »oo 

In the statement of the next result we denote by J' the set of almost complex 
structures J G J which are independent of 9 G S 1 . 

Proposition 3.5. (i) Given H <G TV , let J'{H) C J' be the (nonempty and 
open) set of almost complex structures J such that, for any x G W located 
on a simple 1-periodic orbit of Xh, we have 

[X H , JX H ](x) + and [X H , JX H ]{x) £ (X H , JX H ). (33) 

There exists a set of second category ^^(H) C J'(H) consisting of almost 
complex structures J that are regular for all u G Ai A (Sy, Sy, H, J) or u G 
M. A (S^f,q; H, J) with 7 or 7 being a simple orbit, and such that J£ = £, 
J = R\ outside a fixed open neighbourhood of the nonconstant periodic 
orbits of Xh . 

(ii) Given H G 7i', there exists a set of second category J7rcg(-f0 C J con- 
sisting of regular almost complex structures J which, outside a fixed open 
neighbourhood of the nonconstant periodic orbits of Xh, are independent 
of 9 and satisfy J£ = £, Jjj = R\. 

In each of the previous cases the relevant moduli spaces A4 A (Sj, Sy, H, J), 
A4 A (Sj,q;H,J) are smooth manifolds of dimension 

dim M A (S-, Sy H, J) = 0(7) - 0(7) + 2(a(TW), A), 

dim Ad A (Sj, q;H, J) = ^(7) - /i( 7r ) + 2{ Cl (TW), A), 

and the evaluation maps ev, ey are smooth. 
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The proof of this statement is given in Section [5] Unless the contrary is 
explicitly mentioned, all statements in this section hold both for J G Jrog(H) 
or J G J~J eg (H), provided one considers moduli spaces with at least one simple 
asymptotic orbit in the latter case. 

Let now J G J reg {H) and fix for each 7 G Vf a a metric on 5 7 such that 
R\ has length one. Let JF rcg (iJ, J) be the set of regular Morse functions, 
consisting of families {/ 7 }, 7 G V^ a of perfect Morse functions / 7 : S 1 — * M 
such that all the maps ev are transverse to the unstable manifolds W u (p), 
p G Crit(/ 7 ), all the maps ey are transverse to the stable manifolds W s (p), 
p G Crit(/ 7 ) and all pairs 

(ev, ey) : M A (Sj, S 7 ; H, J) -> % x S 7 , 

(ev, ey) : M Al (S-, S 7l ; H, J) ^x^ M M (5 7l , S 7 ; H, J) -> 5- x 5 7 (34) 

are transverse to products py u (p) x W s (q), p G Crit(/-), g G Crit(/ 7 ). Here and 
in the sequel the unstable and stable manifolds arc understood with respect to 
V/ 7 . Denote by C^(S.y,M.) the set of perfect Morse functions on S 7 . 

Lemma 3.6. The set T rcg {H, J) is of the second Baire category in the space 
n 76 ^-C~(5 7 ,R). 

Proof. The first two transversality conditions on ev, ey are satisfied if and only 
if the maximum of each function f 1 is a regular value of all the evaluation maps 
ev having 5 7 as target space, and if the minimum of each / 7 is a regular value 
of all the evaluation maps ey mapping to S* 7 . The third transversality condition 
requires in addition that each pair (M,m) G S—x 5 7 , with M the maximum of 

and 221 the minimum of / 7 , is a regular value of (ev, ey) . 

By Sard's theorem the minimum and maximum of each / 7 can be chosen 
inside a set of second category in 5 7 . The conclusion follows. □ 

Let now J G J reg (H) and {/ 7 } G J- Teg (H, J). For p G Crit(/ 7 ) we denote 
the Morse index by 

ind(p) := dim W u (p;V/ 7 ). 
Let 7, 7 G "P^ Q and p G Crit(/ 7 ), q G Crit(/ 7 ). For m > we denote by 

A^(p, g ;#,U 7 }, J) (35) 
the union for 71 , . . . , 7 m _ 1 G T 7 ^" and Ai + . . . + A m = A of the fibered products 

W U {p) Xev (X^ 1 (% , S yi ) X M + ) V/7i ocv Xcv (X A2 (5 7l , S 7a ) X M + ) V/t2 oov Xev 

M^iS^^S^xW^q), 
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with the convention 70 = 7. This is well defined as a smooth manifold of 
dimension 

dim M^ip, q; H,{f y },J) 

= ind(p) - 1 + (dim M Al (%, S 71 ) + 1) - 1 

+ (dim M M {S 11 ,S l2 ) + 1) - 1 + ... 

+ dim M^iS^^Sj) - 1 + (1 - ind(g)) 
= fx(j) + ind(p) - m(7) - ind(g) + 2{c x {TW),A 1 + ... + A m ) - 1 
= /i(7 P )-A<7 f; ) + 2<c 1 (TFy),A)-l. 

The last equality follows from Lemma I3TH Note that M. A (p,q;H,{f 7 },J) is 
naturally a submanifold of A4 A (Siy, S 7 ;H, J). We denote 

M A (p 7 q;H,{f 7 },J) := |J M A x {Pi q\ H, {/ 7 }, J) 

m>0 

and we call this the moduli space of Morse-Bott broken trajectories, 
whereas Ai^p, q; H, {/ 7 }, J) is called the moduli space of Morse-Bott bro- 
ken trajectories with m sublevels (see also Definition 14.11 and Figure [4]). 

Similarly, given 7 G , p € Crit(/-), 9 G Crit(ff), we define mod- 
uli spaces of Morse-Bott broken trajectories M. A l (p,q;H,{f 1 },J), m > and 
M A (p, q; H, {/ 7 }, J) by replacing the last term Al^" 1 (S' 7m _ 1 , S , 7 ) 2 vXM /s (g) in 
the definition ([55]) with M. Am {S lm _ 1 ,q;H,J). This is again well defined as a 
smooth manifold of dimension 

dim M A ( P , q; H, {/ 7 }, J) = /if^) - /i( 7f ) + 2(ci(2W), A) - 1. 

Again, TWq (p, g; H 7 {/ 7 }, J) is naturally a submanifold of A4 A (S'-, <f; H 7 J). 

The significance of the above moduli spaces of broken Morse-Bott trajec- 
tories is explained by the following theorem, which describes the boundary of 
Mfo, io[ (7 P ,7,; H, {/ 7 }, J) in m as 8 -» 0. 

Theorem 3.7 (Correspondence Theorem). Let H e H' be fixed and let 
a := lim^oo e~ l H (p, t) be the maximal slope of H . Let J G J Te g(H) and 
{/ 7 } G J- Icg (H,J). There exists 

Si :=6i(H,J) G]0,<5 [ 

smc/i i/iai, /or any 

7,7 G Pf*, P e Crit(/-), 9 G Crit(/ 7 ), 

or 

TeP?, peCrit(/y), geCrit(H), 
and any A G H2(W;Z) with 

K%)-v(l q ) + 2(ci(TW),A) = l, 

the following hold: 
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(i) J is regular for M. (j p , 7 ? ; H$, J) for all 5 e]0, 5\[; 

(ii) the space 5i[(Tp> 7 \-B,{fry},J) * s a ^-dimensional manifold having a 
finite number of components which are graphs over ]0, 5\[, i.e. the natural 
projection M.^ ^[(7^,7 ]H, J) — >]0, 5i [ is a submersion; 

(Hi) there is a bijective correspondence between points 

[u] G M A (p 1 q\ H, {/ 7 }, J) 
and connected components of M.^ s ^{pf p ,^ ;H,{f 1 },J). 

The proof of this statement, including a discussion of gluing and compactness 
for Morse-Bott moduli spaces, is given in Section 2J 

We assume in the remainder of this section that the conclusions of Theo- 
rem [XT] are satisfied. For each [u] £ M A (p, q; H, {/ 7 }, J) the sign e(ug) is con- 
stant on the corresponding connected component C[ u ] for continuity reasons. 
We define a sign e(u) by 

e(u):=e(u 4 ), S €[0,6x1 (S,[u s }) € C [u] . (36) 

We define the Morse-Bott chain groups by 

BCt{H) := Khmin,lMax), a t£ 0, (37) 

7^r 1(o) - £Q 

BC°{H) := A w (p) © A w (7™„,7 Mo x). (38) 
pGCrit(ff) 7eT ,i-i ( o),< Q 

where a := limt-oo e- t H(p,t) and 7?* _1 (°)^ a = -p^ Q n 7>f 1(0) . The grading is 
defined by 



e A p\ 



| ^ 'fmin | 

|e A 7M Q2; | 



ind(p; —If) - n- 2{cx{TW),A), 



»( 1 ) + l-2(c 1 (TW),A), 
^)-2(cx(TW),A). 

We define the Morse-Bott differential 

8 : BC^(H) -> BCt_ x {H) 



by 

dp := E E e(u)£ (39) 

geCrit(ff) [u]eM (p,g;H,{/ 7 },7) 

IpI-I51=i 

a 7p := £ £ e(u)e A Q (40) 

geCrit(ff) [u]eM A (j p ,q;H,{f^},J) 
hp \-\e A q\ = l 

+ E E e(u)e A 7 ? , peCrit(/ T ). 

76Pf Q ,?eCrit(/ z ) [u]eA^ A ( 7p ,7 <? ;ff,{/ 7 },J) 
l7 P |-|e A 7,l = 1 
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The sums ([55]) and (|40p clearly involve only periodic orbits in the same free 
homotopy class as that of p or 7 P respectively. 

Remark 3.8. Since H is C 2 -small, the moduli spaces A4 A (p,q; Hs, J), p,q £ 
Crit(H) of expected dimension ind(p; -H) — ind(g; -#) +2(c x (TW) ,A)) — 1 = 
are independent of <5 and consist exclusively of gradient trajectories of H in 
W jTTJ Theorem 6.1] (see also Theorem 7.3]). As a consequence, these 
moduli spaces are empty whenever A ^ 0. 

We have, following directly from the definitions, an obvious isomorphism of 
free A^-modules 

SC%{H S ) ~ BC«{H), 6e]0M 

It follows now from Theorem 13.71 and the definition (|36|) of signs in the Morse- 
Bott complex that the corresponding differentials, defined by fTJJ and (|39H40p . 
also coincide. Here we use the fact that the Hamiltonian action functional 
decreases along Floor trajectories, hence the differential (fl~4|) applied to elements 
p £ Crit(ff) does not involve nonconstant elements oiV{Hs) and reduces to (|39| 
by Remark 13.81 As a consequence, we have 

H*{BC%{H),d) = SH«{H S ,J). 

We shall construct in Section 14.41 a system of coherent orientations on the 
Morse-Bott moduli spaces 

M A (S-,Sy,H,J), M A (S-,q;H,J) 

whenever 7, 7 £ "P^ a are good orbits. This in turn determines signs e(u) via an 
orientation rule for fiber products (see ([87]) ). 

Proposition 3.9. Assume dim M A (p, q; H, {/ 7 }, J) = 0. The biject ive corre- 
spondence between elements [u] £ M. A l {p 1 q; H, J), m > 1 and elements of 
[us] £ M. A {~*j p , 7^; Hg, J) given by Theorem \3.7\ changes the signs by the rule 

e(u) = (-ir-h(u s ). 

Moreover, if m = then u = us and e(u) = e(us), p is a minimum and q 
is a maximum, the moduli space M A {p, q; H, {/ 7 }, J) consists of the two gra- 
dient lines running from p to q and their signs are different if and only if the 
underlying orbit is good. 

In view of (|3"6"|) and (|39hf4"D)l . this identification of signs between e(u) and e(u) 
allows to define the Morse-Bott differential exclusively in terms of Morse-Bott 
data. 

4 Morse-Bott moduli spaces 

The structure of this section is as follows. We give in the proof of Proposi- 
tion [331 whereas Theorem 13.71 is proved in ^4. 21 ^4. 31 which treat compactness 
and gluing and correspond to assertions (i-ii) and (iii) respectively. Finally ^4.41 
contains a full discussion of orientation issues and the proof of Proposition 13.91 
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4.1 Trans versality 

Proof of Proposition [3751 We first prove (ii). Let J 1 C J be the space of 
admissible almost complex structures of class C e , £ > 1, and let 3 l (tl) C J be 
the set of almost complex structures J which, outside a fixed neighbourhood of 
the nonconstant periodic orbits of Xh, are independent of 9 and satisfy J£ = £, 
jjj = 7?a- By a standard trick of Taubes [HI Theorem 5.1] it is enough to show 
that there exists an open and dense set J^ cg (H) C J l (H) consisting of regular 
elements. We define the universal moduli spaces 

M A (Shf, Sy, H, J l (H)) = {(u, J) \ J G J e (H),u G M A (S-, Sy, H, J)} 

and 

X A (5 T ,g;i7,^(i7)) = {(u,J) | Je j\H),u€M A (S w ,q;H,J)}. 

The main point is to show that these universal moduli spaces are Banach man- 
ifolds. Then the sets J^ cg {H) consist of the regular values of the natural pro- 
jections from the universal moduli spaces to J l (H). We only treat the case of 
A4 A (Sj, S y ; H 1 J l {H)) since the second case is entirely similar, and we assume 
without loss of generality that 7^7. This universal moduli space is the zero 
set of a distinguished section of a Banach vector bundle £ — > B A x J E {H) which 
we now define. 

Let p > 2 and d > 0. Let B A = B 1 ' p ' d (S-, 5 7 , A; H) be the space of proper 
maps u : R x S 1 — ► W which are locally in W 1,p and satisfy 

(i) the map u converges uniformly in 9 as s — > ±00 to 7(- +9 ), respectively 
7(" + 9q), for some 9$, 9$ € S 1 , and represents the homology class A G 
H 2 (W;Zy, 

(ii) there exist tubular neighbourhoods U and U_ of 7 and 7 respectively, to- 
gether with parametrizations ¥ : 17 -> S^xR 2 "" 1 and* : t/ -> 5 1 xR 2 "" 1 
such that 

i°# = {"}x{o}, 

W 1 *G-oo.-ao],e d| ' l d«£W), 
W 1 ' J, ([s ,oo[,e <i|s| ds d0), 

for some so > sufficiently large. 

Then B A is a Banach manifold and, for d/p strictly smaller than the constant 
r in Proposition IA.11 it contains the moduli spaces A4 A (S-, Sy, H, J) for all 
J G J 1 - Let £ — > £J A x J l {H) be the Banach vector bundle with fiber £(«,,/) = 
LP(Rx S 1 ,^?; e d l s l dsd6»). Let d H : B A x J e {H) -> £ be the section defined 

by 

d H (u,J):=d s u + Jg(d e u-X H ). (41) 



*°7(0) = {0}X{O}, 
* o 7(5 + O ) - * u(s, 6) G 
£o 7 (fl + ^) - *ou(s,«) G 
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Then M A (S-,S 1 ;H,J l (H)) = 8^(0) and it remains to show that 8h is 
transverse to the zero section. This means that the vertical differential 

Dd H (u, J) : T U B A x TjJ e (H) 8 (u>J) 

is surjective for all [u, J) s 9^ 1 (0). We have 

T U B A = W hp (R x S\u*TW;e d ^dsd9) ®V®V, 

where V, V_ are the one-dimensional real vector spaces generated by two sections 
of u*TW of the form (1 - /3(s,e))X H (*/(6)) and f3(s, O)X H (r0)) respectively, 
with f3(s, 9) = (3(s) a smooth cutoff function which vanishes for s < and is 
equal to 1 for s > 1. The space TjJ l (H) consists of matrix valued functions 
Y : S 1 — > End(TW) of class C l satisfying the conditions 

JgYg + Y e J e = 0, Q(Y e v, w) + u(v, Y e w) = 0, Vv, io € JW, (42) 

and such that, outside fixed neighbourhoods of the nonconstant periodic orbits 
of Xjj, they are independent of 6 and have the form ( ^ ^ with respect 
to the splitting £ © Span(i?^, Jj). The operator D8h(u, J) can be written 

DfliKu, J) • (C, K) - D u ( + Y (u)(d e u - X H {u)). 

Here 

D u : W 1 ' P (R x S\u*TW; e d|s| ds (20) V ® V -> £ P (R x S 1 , u*7W; e d|s| ds <20) 

is the linearization of the Cauchy-Ricmann operator associated to the pair (H , J) 
and is explicitly given by formula (|12jl . It is proved in Proposition 4] that 
D u is a Fredholm operator. It is at this point that the exponential weight 
plays a crucial role, due to the degeneracy of the asymptotic orbits. As a 
consequence the range of Ddn(u, J) is closed and we are left to prove that it 
is also dense. Let q > 1 be such that 1/p + 1/q = 1. We show that every 
77 G L«(R x S 1 ,u*TW; e d ^dsd6) satisfying 

(n,D u ()e d ^dsd8 = 0, / (77, F e (u)(<9 e u - X H (u)))e d ^ds d9 = 

IxS 1 JRxS 1 

(43) 

for all £ and Y vanishes. The first equation implies, by elliptic regularity, that 77 
is of class C e and has the unique continuation property. Assume by contradiction 
that 77 does not vanish. Then the set {(s,8) : r)(s,0) ^ 0} is open and dense. 
On the other hand, it is proved in [15l Theorem 4.3] that the set 

R(u) :={(s,6) : d s u(s,6)^0, u(s, 9) ± 2 {6), 7(0), u(s, 6) £ u(R \ {s}, 6)} 

of regular points of u is open and dense (although nondegeneracy of the asymp- 
totic orbits is a standing assumption in [15j . it does not play any role in the 
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proof of this result). Let z = (s ,9 ) be a point in R(u) with 77(20) ¥= an d 
u(zq) belonging to the fixed open neighbourhood of 7 (such a point exists since 
we have assumed 7^7). One can choose a matrix Yg (u(z )) satisfying (|42[) 
such that 

(v( z o),Y~e a ( u ( z o))J(u( z o))d s u(z )) ^ 0. 

Because zq is a regular point we can choose a time-dependent cutoff function 
p : S 1 x W — > [0, 1] supported near (0 o ,u(z o )) such that Y := pYg (u(zo)) 
satisfies 

/ (77, Y e {u){dgu - X H (u)))e d ^dsd9 ^ 0. 

ilxS 1 

This contradicts (|43p and shows that Ddn(u, J) is surjective, hence the universal 
moduli space M. A (S— , S 7 ; i?, J l (H)) is a Banach manifold as claimed. 

We now prove (i). The set J'{H) is obviously open. The fact that it is 
nonempty can be seen as follows. The space S 1 x R 2 admits the "skating ring" 
contact form a = sin Odx — cos 9dy, (9, x,y) <E S 1 x R 2 for which J| <E £ = ker a. 
If J denotes the almost complex structure on £ satisfying = cos 0-^ + 
sin9^, then J&] ^ and £ £ = J&>. This simple model 

can be adapted to our situation as follows. We can symplectically trivialize a 
neighbourhood of the simple orbit 7 as S 1 x R 2 ™ -1 9 (9,t 7 q 2 ,p2, ■ ■ ■ ,q n ,Pn) 
with the standard symplectic form d9 A dt + dq 2 A dp 2 + ■ ■ ■ + dq n A dp n , so 
that Xh corresponds to Let J be a compatible almost complex structure 
such that J-Jl = + cos9-7p- — h sin 9-J?-. Since -§s and Mr commute we have 

00 at 9<j2 0P2 00 dt 

[X H ,JX H ] = [^,cos^ +sin^] ± and [X„, JX H ] £ (X H ,JX H ), so 
that J £ J' (if). 

Let J C i/' be the space of admissible almost complex structures of class 
C e , I > 1 which are independent of 9 £ S 1 , and let J' l (H) C i7 /£ be the space 
of almost complex structures J which, outside a fixed neighbourhood of the 
nonconstant periodic orbits of Xh, satisfy J£ = £, jj^ = R\. It is enough 
to show that there exists an open and dense set J^i g (H) C J' l (H) consisting 
of elements which are regular for Floer trajectories with one nontrivial simple 
asymptote. 

We have J C J and the main point is to show that the corresponding 
universal moduli spaces M A (Sj, Sy, H, J' ( '(H)) C M A {S^S^H 1 J l {H)) and 
M A (S^, q; H, J ll {H)) C M A (Sj, q; H, J l {H)) are Banach manifolds. We again 
treat only M A {Sj, 5 7 ; H, J' e (H)) and assume without loss of generality that 
7 is a simple orbit and 7^7. This universal moduli space is the zero set of 
the section of the restricted bundle £ —> B A x J' l (H) defined by (|4ip . and we 
have to show that the ver tical differential Dd H (u,J) : T U B A x TjJ' e (H) -> 
£(u,,j) is surjective. Arguing by contradiction, we get an element 77 G L q (R x 
S 1 , u*TW; e d \ s \ds d9) of class C l which does not vanish on an open and dense 
subset of R x S 1 and satisfies / Rx5 i (77, Y(u)(dgu — X H (u)))e d ^ds d9 = for any 
Y e TjJ' e (H). The main difference with respect to (ii) is that TjJ' £ (H) C 
TjJ l (H) consists of elements Y G End(TW) which are independent of 9. 
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Let 

J(u) := {(8,0) : d s u(s,9) 0, u^MM)) = {(a, 9)}} 

be the set of injective points, and denote Ir(u) := Z(it) n]i?, oofxS 1 , i? > 0. 
The main observation is that our special choice of J € J'{H) implies that 
Ir(u) is open and dense in ]R, oofxS' 1 for R large enough. This is proved 
exactly as in [15l §7], and the main steps are the following. Since 7 is simple, 
every u as above is simple, i.e. for every integer m > 1 there exists a point 
[s,6) G K x S 1 = K x E/Z such that u(s,0 + ^) 7^ u(s,0). Let [/ be a 
neighbourhood of 7 in which [X H , JX H ] ^ and [X H , JX H ] $ (X H , JX H ). Wc 
call a point (s, (9) regular if d s u, dgu, Xjj(u), JXh(u) are linearly independent 
at (s, 6*), and we denote by R(u) the set of regular points. Then [T5l Lemma 7.6] 
holds and [15l Lemma 7.7] shows that the set {(s,6) € R(u) : u(s,8) £ U} is 
open and dense in u~ 1 (U). Note that wc crucially use here our hypothesis 
J G J'(H), which plays the role of the hypothesis J G Jad{M, w, X) in [15]. 
Finally [T51 Lemma 7.8] shows that the set of points which are regular and 
injective is open and dense in u~ l (U), and in particular Ir(u) is open and 
dense in ]i?,oo[x5' 1 for R large enough. 

We can then choose a point z = (s ,6* ) G Ir(u) such that r](z ) 7^ and 
a matrix Y(u(z j) satisfying (|4*2")l and (T](z ),Y(u(zo))J(u(z ))d s u(z )) 7^ 0. 
Since zq is an injective point we can choose a cutoff function p : W — ► M 
supported near it(z ) such that Y := pY(u(z n )) satisfies / RxS i (r), Y(u)(dgu — 
X H (u)))e d \ s \ds dO ^ 0. This contradiction shows that D3h{u,J) is surjective 
and therefore M A (S^, S y ;H, J' l {H)) is a Banach manifold as claimed. 

The dimension of the moduli space M A (S— , S 7 ;H,J), J G J xeg (H) is equal 
to ind(D u ) — 1. The restriction of the operator Z?„ to the subspacc W /1,P (R x 
S 1 , u*TW; e d ' s '(is d9) is conjugated to a Cauchy-Ricmann operator 

V u : W hp {R x S\u*TW;dsd9) -> L P (R x S 1 , u*7W; ds d(9) 

d I I 

via multiplication by . If the asymptotics of D u were nondegenerate, the 
Fredholm index of T> u would be given by [26| 

l*RS (7) - »RS (7) + 2 (C! (T W) , A) . 

Due to the one-dimensional degeneracy of 7 and 7, the actual index of T> u is 
obtained by a calculation analogous to [51 Proposition 4] (see also Lemma ET4"]) : 

(Mas (7) - 5) - (^5(7) + 5) + 2(c 1 (W),4>. (44) 
We have proved in Lemma ET41 that p,Rs(j) = A*(7) + |; hence 

ind(A.) = ind(2? u ) + 2 = ^(7) - ^(7) + 2( Cl (7W), A) + 1. 

Finally note that the evaluation maps ev, ev are well-defined and smooth on 
B A . Hence their restrictions to the moduli spaces are smooth as well. □ 
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4.2 Compactness for Morse-Bott trajectories 

Definition 4.1. Let H, {/ 7 } and J be fixed as above, and let p G Crit(/ 7 ), 
q € Crit(/ 7 ). The space M. A (j>, g; H, {/ 7 }, J) of parametrized Morse-Bott 
broken trajectories consists of tuples 

U (Cm : : Cm — 1 3 ^m— 1 3 ■ ■ ■ 3 ^1 3 Co) 

suc/i t/iat 

(%) Ui € .A/f^S 1 ^, 5 74-1 ; if, J), i = 1, . . . ,m with j rn = 7, 70 = 7 and Ai + 
. . . + j4 ?n = A; 

(ii) Co : [— l,+oo[— > S^, Ci : [— — > S 7i , i = 1, ...,m — 1 and 
c TO :] — 00, 1] — ► 5 7m satisfy c,; = V/ 7i oc,;, i = 0, . . . , m; 

(ra,) ev(wi) = ev(ci) ; cv(ui) = ev(ci_i) ; i = 1, ...,m and co(+oo) = g, 
c m (-oo) = p. 

The space A4 A (p, g; H, {/ 7 }, J) of unparametrized Morse-Bott broken tra- 
jectories consists of equivalence classes 

[u] = (c rn , [u m ], c m _i, [u m _i], . . . , [ui], c ) 

smc/i t/iat u e M A (p, g; H, {/ 7 }, J). 
Definition 4.2. Let 

Ufe = (Cm k ,k,U mkt k,Cm k -l,k, ■ ■ ■ , "l,fc, Co.fe) G M A (pk, qk\ H, {/ 7 }, J) 

wit/i fc = 1, . . . and satisfying q^ = pk~\ for k = 2, . . . ,£. We denote p := pe, 
q := q\. A sequence v n € M A ( 7 y p , 7^; H$ n , J) with S n — > 0, n — > 00 is said to 
converge to u := (u^, . . . , m) i/ t/iere exist shifts (s™ fe ) 6l,i = l,..., mfc smc/i 
that 

v n{- + S™ fc , •) — > Ui,fc, n — > 00 

uniformly on compact sets mix S 1 . FFe write in t/iis case u n — > u. 

A sequence [v n ] £ A / l A { 7 J p ,'f ;Hs n ,J) with 5 n — ► 0, n — > 00 is said to 

converge to [u] 6 A4 A (p, q; H, {/ 7 }, J) if there exist representatives v n and 
v smc/i t/iat i> n — * v ft/iis condition is obviously independent on the choice of 
representatives). We write in this case \v n ] — > [u]. 

We call u a broken Floer trajectory with gradient fragments. We 
call each of the 's a Floer trajectory with gradient fragments. Each Uk 
is a level o/u and each m,k is a sublevel o/ufc. 

Definition 4.3. An element 

u = (c m , Um, c m _i, . . . , u x , cq) € M A {p, q; H, {/ 7 }, J) 

wit/i m > 1 is stable i/ eac/i itj, i = 1, . . . , m is a nonconstant Floer trajectory 
and if each C4, i = 1, . ..,m — 1 defined on an interval of nonzero length is 
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nonconstant. An element u = (co) G Ai A (p, q; H, {/ 7 }, J) is stable if p ^ q. 
A broken Floer trajectory with gradient fragments u = (u^ , . . . , Ui) is stable if 
each Ufc ; k = is stable. 

Remark 4.4. A convergent sequence v n of nonconstant Floer trajectories has 
a stable limit u which is unique up to shifts on the c^^ and Wi.fc. 

The proofs of the next two lemmas use the asymptotic estimates proved 
in the Appendix. The relevant notation is introduced at the beginning of the 
Appendix, and we briefly recall it here for the reader's convenience. For each 
7 G 'P(H) we choose coordinates (1?, z) G S 1 x R 2 "^ 1 parametrizing a tubular 
neighbourhood of 7, such that ■§ o 7(6*) = and z o 7(0) = 0. Given a smooth 
function / 7 : S 1 — > R, we denote by </?s the gradient flow of / 7 with respect to 
the natural metric on S 1 . 

In a neighbourhood of 7 G V{H) the Floer equation 9 s w + Jdgu — JXh = 
becomes dsZ+JdoZ+J-^-JXH = 0, where Z{s, 0) := (tfou(s, 0)-0, zou(s, 0)). 
Since = ^ on {z = 0} this can be rewritten as d s Z + JdgZ + Sz = for 
some matrix-valued function S = S(-d,z). The matrix Soo(6) := S(9,Q) is 
symmetric. Let A^ : H k {S 1 ,M 2n ) -> H k ~ 1 (S 1 ,K 2n ) be the operator defined by 
AoqZ := J-jgZ + S oc (8)z. The kernel of A^ has dimension one and is spanned 
by the constant vector e\ := (1,0,..., 0). We denote by the orthogonal 
projection onto (ker A^ 1 - and we set Poo := 11 — Qoa. 

Lemma 4.5. Let v n G M. A (j p , 7 ; Hs n , J) with S n — > 0, n — * 00 and s" < s 2 be 
shifts such that v„(- +s", •) — > iti, + s 2 l , •) — > u 2 uniformly on compact sets, 
withui £ M Al (S 11 , S-y] H, J) andu2 G A4 A2 (S-y, S 72 ; H, J). Any two sequences 
of shifts s" < s™ < s™ < s 2 satisfying s" — s" — > 00, s 2 — s™ ^ 00 and 

<$„(*+ - 0, <5 n (s£ - s") ^ 0, (45) 

/icwe £/ie property that 

v n {- + s" , •) — > ev(ui), u„(- + s™ , •) — » ev(u 2 ) 

uniformly on compact sets. 

Proof. We claim that there exists if > such that u ra ([s™ + if, s 2 — K] x 5 1 ) 
is contained in a given small neighbourhood of S* 7 . If that was not the case, we 
could find a sequence K n — ► 00 and a sequence (s„, 0„) G [s" + if„, s 2 — A„] x S 1 
such that dist(u n (s n , n ), Sj) is bounded away from zero. Up to a subsequence, 
i> n (- + s n , •) converges to some Floer trajectory v which must be nonconstant. 
On the other hand, for any s G R and for any K > we have, for n large 
enough, 

■Ah s „ {v n (s + s' 2 l - K, •)) <A Hln (v n (s + s n , •)) <A HSn (v n (s + s? + A, •)), 

and in the limit -4#(u 2 (s - K, •)) < .4^ (v(s, •)) < A H (ui{s + K, •))• We let 
K go to infinity and obtain Ah{i) < Ah(v(s, •)) < .As (7). This holds for all 
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s £ M. and therefore the cylinder v is constant over some element of V(H), a 
contradiction which proves the claim. 

By in the proof of Proposition IA.3I applied to v n on [s™ + K, s% — K] 
we get 

\QooV n (s,8)\ < CmaxiWQccVnis? + K^WQooV^ - K)\\). (46) 

Let 74. be the limit in 5 7 of u n (s+, ■), and let 7„(e) := [s™(e),s™] C [s™ + 
-K", s+] be the maximal subinterval containing s™ such that PooU„(s), s € /«.(e) 
is at distance at least e from the critical points of / 7 , except maybe 7+ (if the 
latter is a critical point) . By the second part of Proposition IA.3I applied to v n 
on I n (e) we obtain 

\tiov n (s ) 6)-6-tp f 5 l(e )\ <Cmax(||Q 00 «„(/|( e ))||,||Q 00 t-„(4)||)e M5 ''( s "- s r). 

Since <5„(s™ — s") — > and taking into account |46|) we get 

|tf o 0) - o 7+ (0)| < Ci max(||Q 00 i;„( S ' 1 l + X)||, ||Qoo^(s 2 l - *0ID- (47) 

For if large enough the right hand term becomes so small that the distance 
between PooV n {s), s <E / n (e) and the critical points of / 7 , except possibly 7+, is 
strictly bigger than e, hence / n (e) = [s™ + A", s+] by maximality (this holds for 
K large enough). Applying (|47|) to s = s™ + if we obtain 

|tf o Vn (s? + K, 8)-tio 1+ (6)\< d maxdlQoo^K + K)\\, WQ^v^ - K)\\). 

Passing to the limit in the above inequality we obtain 

\d o Ul (K, 9)-#o 7+ (0)| < d maxQlQ^miK)]], ||Q 00 u a (-ii')||). 

Letting K — > 00 we obtain ev(ui) = 7+. That this implies uniform convergence 
on compact sets to the constant cylinder over evfai) can be seen in two ways: 
either one notices that the above estimates hold uniformly when s™ is replaced 
with s+ + K + , where K + is a bounded constant, or one uses the fact that a Floer 
trajectory passing through a periodic orbit is necessarily a constant cylinder, by 
unique continuation applied to the infinite jet at that orbit [21i Theorem 2.3.2]. 
A similar argument proves the assertion involving ev(it2). □ 

Lemma 4.6. Let v n G M. A (p,q;Hg n , J) with <5 Tl — > 0, n — > 00. Assume we are 
given two sequences of shifts s" < such that v n (- + s™,-), i = 1,2 converge 
uniformly on compact sets to constant cylinders u li over orbits ji belonging to 
the same family 5' 7 . Then there exists a (possibly broken) gradient trajectory 
of / 7 starting at 71 and ending at 72. Moreover, the length of the gradient 
trajectory is T = lirn n _ >00 8 n {s2 — s"). 

Proof. We claim that, for n large enough, u n ([s", s%] x S 1 ) is entirely contained 
in an arbitrarily small neighbourhood of 7. By contradiction, if this fails we 
can reparametrize the sequence v n so that it converges to a nonconstant Floor 
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trajectory v £ M. B (j' ', 7'; il, J) for some class -B G Hi{M; Z) and some 7', 7' G 
V(H) such that their actions satisfy Ah(i) < -4#(7') < Ah(i') < Aff(7); 
which is impossible. 

Wc first assume that 71 is not a critical point of / 7 . Let e > be fixed and 
denote by /„ (e) = [s™ , s£ (e)] C [s™ , ] the maximal subinterval containing s™ 
such that the distance between PooV„(s), s G J n ( e ) an d Crit(/ 7 ) is at least e. 
We can apply Proposition ! A. 3l to v n and I n (e). In particular, for some sequence 
6 n £ S 1 we have 

lim sup \0 o v n (s, 6)-9- ^{6 n )\ = 0. 

lwo ° (s,6»)G/„(£)xS 1 

Since u n (s", •) converges to 71, we also have 

lim sup \&ov n {s,0) -6-^ , ^(7!)!= 0. (48) 

Modulo passing to a subsequence we know that v n (s2 (e), •) converges, which 
together with (|4"8")l implies that <$„ (sj ( e )~ s i ) converges to T(e) G R + . This holds 
for each e > and, since (e) < si? (e') if e > e', the limit lim e ^ T"(e) = T G M+ 
exists. Then (py 1 (71), s G [0, T] is a gradient trajectory starting at 71. 

If T is finite then this trajectory, and therefore v n (I n (e) x S 1 ) stay at a fixed 
distance from Crit(/ 7 ) for n large enough. Hence / n (e) = / n for e sufficiently 
small and we are done. If T is infinite and the limit lim^oo ips" 1 (71) is equal 
to 72, we are also done. Otherwise we are in the next case, with shifts J™ := 
lim e ^o s 2 l (e) and s% := s^ ■ 

Wc now assume that 71 is a critical point of / 7 and 71 ^ 72 • Given e > we 
denote by / n (e) = [s^s^e)] C [s^sj] the maximal subinterval containing s™ 
such that the distance between PooV n {s), s £ I n (e) and Crit(/ 7 ) \ {71} is at least 
e. For e > small enough the loops PooV n { s 2 ( e )) are a t a distance bigger than e 
from 71 and, up to a subsequence, u n ( s 2 ( e )' ') converges to some 72 G 5 7 which 
is not a critical point of / 7 . The same argument as in the previous case applied 
"backwards" to the shifts s" < sV;{e) produces a negative gradient trajectory 
running from 72 to some critical point 71. By definition of / ra (e), we must have 
71 = 71 and we thus obtain a gradient trajectory from 71 to 72. We are now in 
the first case with shifts 5^ := ( e ) an d ^2 '■= s 2 • 

We successively apply the above two cases in order to produce a broken gra- 
dient trajectory from 71 to 72. This is a finite process since a broken trajectory 
has a finite number of nonconstant fragments. □ 

Proposition 4.7. Let v n £ M A (p, q; H$ n , J) with 5 n — > 0, n — > 00. There 
exists a broken Floer trajectory with gradient fragments u and a subsequence 
(still denoted by v n ) such that v„ — ► u. 

Proof. The energy £(v n ) := £j,Hs n ( v n) defined in (Ti"Tj) satisfies 

£(0 = - / H Sn (6,%(6))d6+ f H Sn (O,j(6))d0. 
Js 1 Js 1 _9 
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Since Hg n — ► iJ we infer that £ (d„) is uniformly bounded. 

Floer's compactness theorem [12j Proposition 3c] applies to our situation and 
provides a collection of Floer trajectories Ui, i = 1, . . . , m for the pair (H, J) 
together with holomorphic spheres attached to them, as well as shifts (s™) such 
that v n (- + s", ■) converges to itj and its associated holomorphic spheres in the 
sense of nodal curves. Condition |T]) implies symplectic asphericity (u, tt 2 (W)} = 
0, therefore holomorphic spheres in (W, J) are constant and the shifted v n 
converge to ui uniformly on compact sets. 

Because the action spectrum of dW was assumed to be discrete and injective 
the trajectories Ui connect with each other, in the sense that ev(itj) and cv(it,- + i ) 
belong to the same family of trajectories S li , i = 1, . . . , m— 1. Moreover, cv(u m ) 
belongs to S— and ey(ui) belongs to S 7 . 

By Lemma [4.51 there exist shifts s™ ± such that v n (- + sf + , •) converges to 
the constant cylinder over ev(it,), and v n (- + s™_, ■) converges to the constant 
cylinder over ev(uj). Applying Lcmma [4.6l with shifts s™ , < sf_ 1 _, i = 2, . . . , m 
and n large enough, we obtain broken gradient trajectories Ci_i starting at 
ev(iij) and ending at ev(u,_i). Let now s" , s™ be shifts such that V n (-+s" , •) — > 
p and «„(• + s™, ■) — > g. Applying Lemma T4.6I with shifts s" < sj^ _ and with 
shifts s™ , < s" we obtain broken gradient trajectories c m starting at p and 
ending at ev(u m ) and Co starting at evfiti ) and ending at Since all *S'^ are 
circles of periodic orbits, the broken gradient trajectories Cj, i = 0, . . . ,m consist 
each of a single fragment. 

The construction of a stable broken Floer trajectory with gradient fragments 
out of the data Cj, Ui is straightforward and goes as follows. The collection of 
points of the form ev(ui+i), ev(itj) which are critical points of / 7i determine a 
partition 

of the ordered tuple (c m , u m , . . . , c%, u±, Co). Note that the c mk ^ and co,/c may 
either be missing or be constant and exactly one of co.k and c rilk _ 1 _k-i is missing. 
In such a situation we set c„ ifc! fc or co.fc to be a constant trajectory at the relevant 
critical point, defined on a semi-infinite interval. □ 

4.3 Gluing for Morse-Bott moduli spaces 

We prove in this subsection the assertions (i-ii) of Theorem 13.71 The following 
notation was introduced in the previous subsection. For 7 6 V(H) we choose 
coordinates (1?, z) E S 1 x R 2 "" 1 parametrizing a tubular neighbourhood of 7, 
such that 1} o 7(6*) = 9 and z o <y(6) = 0. Given a smooth function / 7 : 5* 7 — > K, 
we denote by y>g the gradient flow of / 7 with respect to the natural metric on 
S 1 . The orthogonal projection onto the 1-dimensional kernel of the asymptotic 
operator at 7 <S V(H) is denoted by Poo, and we denote Qoo := 1 — Poo. 

Let p > 2, d > and 6 > 0. Let Bf = B]' P ' d {%,l q , A; H, {/ 7 }) be the space 

of proper maps u : R x 5 1 — > PF which are locally in VF 1 ^ and satisfy 
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(i) the map u converges uniformly in 6 as s — > ±00 to 7 , respectively 7 p , 
and represents the homology class A G H2(W;'Z); 

(ii) there exist tubular neighbourhoods U and £/. of 7 and 7 respectively, 
parametrized by (1?, z) e S 1 x M 2 "" 1 such that 

$ou(s,8)-6-p s /-(6o) G VT 1,P (] - 00, -s ] x S ,1 ,R;e <i|s| dsd6»), 

zou(s,6>) G ^i.P(]_oo,-a ] x 5 1 ,R 2n - 1 ;e d l''ldsd0), 

i9 o u(s, 9) - 9 - (p S a tx {0o) e W 1 *([*o,oo[x£ 1 ,R;e' ,H dsd0) ) 

«ou(»,fl) G ^([so.oolxS 1 ,! 2 "- 1 ^* 1 **), 

for some so > sufficiently large and some 9q,9 G S* 1 satisfying 

lim ^(0 O )=P, lim = q. (49) 

S — > — OC 5 — » + OC 

Then B A is a Banach manifold and. for d > sufficiently small, it contains 
the moduli spaces A4 A ( 1 J p , 7 ; J) for all J G (sec Proposition IA. 21 in the 

Appendix). Let £ — > Z?^ be the Banach vector bundle with fiber £r u ,j) = 

L P (R x 5 1 , u*TW; e d ^dsd9). Let 5 ffjjJ : Bf -> £ be the section defined by 

dH s ,j(u) := d s u + J e {d g u - X Hs ). 

Then M A {%,2 q ,H s ,J) = Bjjl j{0). From now on we fix J e J leg (H). In 
order to prove (i) in Theorem 13.71 we need to show that the vertical differential 
D u : T u Bf — > £ u defined by {T2J is surjective for all u G -M A (7 p , 7^; Ha, J) 
when 5 > is sufficiently small and the expected dimension of the moduli space 
is zero. We have 

T u Bf = W l - p (& x S\u*TW; e d ^ds d9) ®V U ® V u , 

where V u , V_ u are real vector spaces of dimension 

dim V u = ind(p), dim V_ u = 1 — ind(g). 

When their dimension is nonzero V u and V_ u are respectively generated by two 
sections of u*TW of the form 

(1 -/?(s,0))V/ t (t?ou(s,O)) and 0(a, 0)V/ 2 (i9 o u(s, 0)), 

with f3(s, 9) = (3(s) a smooth cutoff function which vanishes for s < and is 
equal to 1 for s > 1. The fact that V u and V_ u have varying dimensions is a 
consequence of condition (|4"9"1) . 

Wc shall prove surjectivity of D u by showing that the elements of the moduli 
space M A (j p , 7^; Hs, J) can be approximated, for S > small enough, by gluing 

the elements of M A {S— , 5 7 ; H, J) with fragments of gradient trajectories of the 
Morse functions / 7 . 
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Given a, b G R, a < b we define intervals 

f [a, 6] if a, b G R, 
7(a, b) = < ]-oo,6] if a = -oo, 6 G R, 
[a, oo[ if a G R, b = oo. 

For 6 — a > 4 and |e| < 1, we let /i ai & >(: : R — > I(a,b) C R be a collection of 
smooth increasing functions such that h at b >€ (s) = a if s < a — e/2, /i a ,6,e(s) = 
6 if s > 6 + e/2 and h a ^ e (s) := s if a - e/2 + 1 < s < 6 + e/2 - 1. We 
can of course make the family {ft. a ,6.e} depend smoothly on a, 6 and e. We 
define fc a ,6,«(s) := i^l^o^a-cr.b+o-.^ 5 )- Tne support of fc 0)6 , £ is contained in 
[a — e/2, a — e/2 + 1] U [b + e/2 —1,6 + e/2]. We may assume without loss of 
generality that h! t and fc a ,6,e are uniformly bounded. 

Convention. If e = we shall omit it from all subsequent decorations, and we 
set e = if a = —oo or b = +oo. 




Figure 2: The reparamctrization function /i a ,6,e an d its derivatives. 



Let 7 G Pa and c : /(a, 6) — ► S-y C W be a fragment of gradient trajectory 
for the function / 7 , i.e. c = V/ 7 o c. We define the corresponding gradient 
cylinder 

U8,-y,a,b,e ■ R X S 1 -> 5 7 C W 

by the equation 

1? ° U«,7,o,6,e(s, 0) = 1? O c(5/l f) | f (s)) + 0. (50) 

Then lim i9 o u,5. 7!a! b. e (s, 0) = i9 o c(a) + 6* and lim $ o 7 n & £ (s, 0) = -d o 

s — oo s — *+oo 

c{b) + e. 
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For 7 e Pa we define Banach manifolds B\' p,d {S 1 , 5 7 ; / 7 ), B\' p ' d {p, 5 7 ; / 7 ), 
p G Crit(/ 7 ) and (5 7 , g; / 7 ), g € Crit(/ 7 ) consisting of maps u : R x S" 1 — > 
W which are locally of class W 1,p , whose asymptotics are translates of 7, which 
represent the zero homology class and which satisfy the following asymptotic 
conditions. 

(i) for B\' p ' d {S 1 , 5 7 ; / 7 ): there exists a neighbourhood U of S 1 together with 
a parametrization z) : U — ► S* 1 x R 2 ™ -1 such that 

ou(s,0) -0-0 o 6 W 1,P Q -00, -s ] x S" 1 , R;e d l s l dsd6»), 

zou(s,6) G W 1)P (] -00, -s ] x S ,1 ,R 2 "- 1 ;e d l s| dsd6'), 

tfo^JJ-J-^, g W 1 ' p ([s ,oo[xS' 1 ,]R;e d|s| dsde'), 

«o«(«,fl) g ^ 1 ' p ([s ,oo[xS ,1 ,R 2 "- 1 ;e d|s| dsd6i), 

for some 6*o,# £ "S* 1 an d some so > 0. Moreover, there exists T > such 
that 

^(00) =£0; (51) 

(ii) for Bg' p ' d (p, 6L; / 7 ): there exists a neighbourhood ?7 of S" 7 parametrized 
by (1?, z) G S 1 x R 2 "" 1 such that 

0ou(a,0)-0-^(0„) e W^Q - 00, -* ] x S\R;e d ^dsd8), 

zou(s,6) G W lj, Q- 00,-80] x S 1 ,R 2n - 1 ;e d ^dsd0), 
$ou(s,9)-6-6 g H/ 1 ' p ([s ,oo[xS' 1 ,R;e d|s| dsd6l), 

«o«(s,fl) g ^ 1 'P([s ,oo[xS' 1 ,R 2 ™- 1 ;e d l s ldsd6i), 

for some #o,0 o € S* 1 such that lim s ^_ 00 ip{'' (9 ) = lim s _ > _ 00 ips(0a) = _p 
and some s > 0; 

(hi) for Bg' p ' d (S^,q; fj): there exists a neighbourhood ?7 of 5 7 parametrized 
by (1?, z) g S" 1 x R 2 "^ 1 such that 

o U (s,0) -0-0 o g W hp (] -00, -s ] X S 1 ,M;e dlsl dsd6), 

zo U (s,6) g W 1 ^ (]- 00, - s ] x S 1 ,M. 2n - 1 ;e d ^dsd6), 

Vou(s,6)-6-tp s s f ~<(d Q ) g W hp ([s 0l oo[xS\R;e d ^dsd9), 

zou{s,6) g ^([so.oolxS 1 ,! 2 "- 1 ^* 1 **), 

for some 60, 0q G -S* 1 such that lim^oo y>{ 7 (# ) = lim^oo tp(' y (8q) = q and 
some so > 0. 

We will designate one of the above three spaces by B' s . We define evaluation 
maps ev and ey on B' s by 

ev(u) = lim u(s, ■), ev(u) = lim u(s,-). 

s — > — 00 s — >+oo 
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Any map u = us i7 . a ,b,e belongs to a suitable space B' 5 , depending on a, b being 
finite or not. The tangent space T U B' S has a natural decomposition 

T U B' S = W la) ' d Ql x S\u*TW)®v' u ®V! u , (52) 

where V u , V^ u are real vector spaces of dimensions 

dimF' f 1 ifo€K, dimV > =f 1 ifbeR, (53) 

" 1 ind(p) if a = — oo, " 1 1 - ind(q) if b = +oo. 

When the dimensions are respectively nonzero the generators of V U ,V^ U are 
sections given as follows. 

(i) for B\ ,p ' {S n , S 7 ; / 7 ) the sections are 

(1 - 0(s, 0))X H (j(e + 9 )) and p( 8 , 9)X H (j(e + go)); 

(ii) for Bl' p ' d (p, S 7 ; / 7 ) the sections are 

(1 - 0(s, 0))V/ 7 (0 o u ( flj 0)) and /3(s, 0)Xjf( 7 (0 + O )); 

(hi) for Bg' p ' d (S.y,q; f 7 ) the sections are 

(1 - /3(s, 9))X H {j{9 + 6 )) and /3(s, 0)V/ 7 (<? o u(«, 0)). 

We recall that /3(s, 0) = /3(s) is a smooth cutoff function which vanishes for 
s < and is equal to 1 for s > 1. The norm on is chosen such that the 

norm of the above generators of V u , Yl u is equal to 1. Let £ — > be the 
Banach vector bundle with fiber 

£„ = L p (R x S 1 ,«*TW;e' J l a lds£W). 

We are interested in the family of sections d a ,b,e '■= 9h' b ,J '■ B's ~~ > &> with 

<6,e = H + h' hU (s)(Hs-H) 

= H + 8h' a>h>e (s)pf^(ly<d - Ly6). (54) 



Here we use the definition (|25| of Hg. This is a three-parameter family in case 
(i) and a two-parameter family in cases (ii) and (iii). Its main feature is that 

da.bA U S,l,a.,b,t) = 0. 

We note that neither of the operators &h,j and Bh s ,j defines a section B' s — > £ 
if a or 6 is infinite. The ver tical differential A, := D^ b ' e : T„B^ -> £ u of each 
of the sections <9 a ,&,£ is given by formula (j 1 2[) and is a Fredholm operator whose 
index has the following values (see also (|4"4"]l). 
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(i) iovBl' p ' d (S y ,S y ;f y ) 

md(D u ) = (ursW - \) - (vrs(i) + \) +2 = 1, 

(ii) for B^ p ' d (p,SYJj) 

ind(L>„) = (jiRsti) - \)~ (MAS (7) + \) + md(p) + 1 = ind(p), 

(iii) forB^ d (5 7 ,g;/ 7 ) 

ind(D„) = (mhs(7) - 5) - (Mfis(7) + |) + 1 + 1 - ind(g) = 1 - ind(g). 

In formulas (ii) and (iii) the asymptotics of the operator obtained by conjugation 

with ep' s ' do not depend on ind(p), ind(q) because, for 5 small, the exponential 
weight - overrides the contribution of the perturbation Hg — H. 

Proposition 4.8. Let u = Us,-y, a ,b,e G B'g- The operator 

D u : ^(Rx S 1 ,u*TW;e d ^)®V' u ®V! u ^L p (Rx S 1 ,u*TW; e d ^dsd9) 

is surjective for 8 > small enough. 

Proof. In order to compute D u we choose V to be the Levi-Civita connection 
corresponding to a (split) metric given by (dX + dt A A)(-, J-). It is a general 
fact that the operator D u can be written in a unitary trivialization of u*TW as 

(A,C)(«, 0) = d s ( + J deC + S(s, 6)((s, 9), 

where Jo is the standard complex structure on R 2 ™ and S is asymptotically 
symmetric as s — > ±00. We can choose the trivialization so that Xh and d/dt 
correspond to constant vectors in R 2 ™. We denote S := linis^-oo S(s, ■). In this 
situation the matrix S has the following properties: 

(i) \\S(s, 9) — S(i3 o u(s, 8) — •& o c(a))\\ is bounded by a constant multiple of 
S. This is because, for sel, the restriction of u to [s — 1, s + 1] x S 1 is 
(5-close to the constant cylinder over the orbit u(s, ■) G S 7 . 

(ii) the action of S(s, 9) on the (constant) vector of R 2 " corresponding to Xh 
is multiplication by 

5k(s) := dti f ^(s)f^(ti(u(s,6)) - 6), 

and this expression goes to zero with S. 

(iii) the matrix S(s, 9) sends the subspace corresponding to £ to itself and 
sends d/dt on a multiple of the form (E + SF(s, 8))d/dt, with E > and 
F a bounded function of (s,6). This follows from (p~2|) . (|24|) and the fact 
that Vd/dtR\ = and V V R\ G £, v G £; 
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(iv) there is a constant C > such that ||S'(s,0)|| < C5 for all s G K and 
9 E S 1 . This follows from (|50|) due to the presence of the factor i5 in front 
of the rcparamctrization function ha b « . 

We characterize now the kernel of D u . We first show that each ( E ker D u is 
a multiple of the (constant) vector corresponding to Xh , or that its component 
£ on the orthogonal complement vanishes. Let -F(s) denote the self-adjoint 
operator J (?g + S(s,0), so that Z3 U = 9 S + F(s). If C € ker D u we have 
(d s - F(s))(d s + F(s)K = 0, i.e. 

9 S 2 C-F( S ) 2 C + 5'( S )C = 0. 

By taking the scalar product in L 2 (S' 1 ,R 2 ™) with £- L and using property (ii) for 
5 we get 

The Morse-Bott assumption and property (i) guarantee that ||.F(sX ||x, a > 
cIIC^IIl 2 for some c > 0. We obtain 

9 S 2 ||C X ||| 2 > 2(C^,9 s V)l 2 > 2(c 2 -C<5)||C ± ||i 2 > <?Km* 

if <5 > is sufficiently small. In particular ||C ± || 2 J 2 can have no local maximum 
on K. Since HC^IIIa — » as s — * ±oo we deduce that C X = 0. 

We now show that all elements of ker D u are independent of 9. Let ( E 
ker D u . Because (- 1 = we have d s ( + Jode( + 5k(s)( = 0, with d s ( + Sk(s)C 
and dg( pointwise colinear with Xh- Hence d s ( + 5k(s)( — and dg( = 0. 

This shows that the elements of ker D u also belong to the kernel of the 
linearized Morse operator 

C ^ d s ( + 5h' a b . o c(*ft 4 i 4 ))C. 

This is a differential equation on M for which the Cauchy problem has a unique 
solution. Hence the space of solutions is one-dimensional in C°°(R, R) and, in 
order to determine the dimension of ker D u , we just have to check whether the 
solutions belong or not to its domain. 

If a and b are finite the solutions are constant near ±oo, hence belong to the 
domain of D u and dim ker D u = 1. If a = — oo (and b is finite) we distinguish 
two cases: either p is a maximum, in which case f"(p) < 0, the solutions are 
unbounded near — oo and ker D u = 0, or p is a minimum, in which case f"(p) > 

0, the solutions coincide near — oo with the elements of V' u and dim ker D u = 1. 
Hence dim ker D u = ind(p). A similar argument shows that dim ker D u — 
1 — ind(g) if b = +oo (and a is finite). In all cases we have 

dim ker D u = md(D u ), 



so that D u is surjective. 



□ 
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Up to a translation, the defining interval I(a, b) of a gradient cylinder can be 
considered to be [—T/2, T/2], T > in case (i), or ] — oo, 1], [—1, oo[ in cases (ii) 
and (iii) respectively. We shall thus assume in the sequel that the parameters 
a, b take the values 



-T/2, b = T/2 for T > 0, or a 



-1, b 



We consider a tuple (7, a, b, e) and the gradient cylinder u := us '■= U5, 7 .a,ti,e 
for S small enough. Let (ss) be a family of parameters such that ss < Sg and 
^f- — > 1 as S — > 0, where 



(T + e)/25, 
1/5, 



if a = -T/2, b 
otherwise. 



T/2, 



In particular we have ss — > 00 as S — > 0. Our goal now is to define modified 
norms || • ||i.,5 and || • \\s on the domain and target of the operators D u = D us 
such that they admit uniformly bounded right inverses with respect to S — > 0. 
Let : R — > R + be the weight function defined by 




if a and 6 are finite, 

if a = —00 and 6 is finite, 

if a is finite and b = 00. 



(55) 




Figure 3: Weight function ||s| — ss\ for a,b finite (logarithmic scale). 



The new norm \\ -\\s on the target of D u is the L p -norm with weight ws, and 
we emphasize it by writing the target as 

L p (R x S 1 , u*TW; w s (s)dsdd). 

Let V uS , V[ u s be vector spaces of the same dimension as V u , V^ u7 given 
by (|53[) . and which, when their dimension is nonzero, are spanned by the fol- 
lowing sections. 

(i) if a, b are both finite the sections are 

(I - /3(s + ss,8))X H (-f(e + 6 )) and P(s - s s , 0)X H { 1 {e + £ )); 
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(ii) if a = — oo and b is finite the sections are 

(1 - p(s - ss, 0))V/ 7 (tf o „(«, 0)) and /3(s - s s , 9)X H ( 1 (9 + &,)); 

(iii) if a is finite and b = +oo the sections are 

(1 - p(s + s s , 0))X H (l(0 + 6 )) and f3(s + s 5 , 0)V/ 7 (tf o u («, 0)). 

In case a = — oo, 6 finite or a finite, b = +oo we define the new norm || • \\ij 
on the domain of D u by splitting it as 

domD u = W 1>P (R x tuj (*)dsd0) ©7^ ®V! U>S 

and setting the norm of the above generators of v' u S , V? u g to be equal to 1. 

In case a, b are finite we split the domain of D u as above and further modify 
the weighted norm on the iy 1,p -space. We recall from the proof of Proposi- 
tion 14.81 that ker D u is 1-dimensional and is spanned by a section which is 
constant for \s\ > s|. We normalize (s by requiring that its value at be equal 
to the constant vector corresponding to Xh- Let (■, ■) be the scalar product in 
L 2 (5 1 ). For an clement C G W^ P (R x S 1 , u*TW; w s (s)dsd9) we denote 

(Cs(o,-),Cs(o,-))' 

We denote 

Xs(s, 0) := (3{s + s s )/3(-s + s s )( s (s, 9) 
and define the norm || ■ \\ u on W hp (R x S 1 , u*TW; w 3 (s)dsd9) by 

||CI|i,<5 := ||C - k s xs\\i, p ,8 + \Kg\. 

Here || • ||i, Pi5 is the weighted norm on W hp (R x S 1 , u*TW; w s {s)dsd9). 

Proposition 4.9. Let u = us = us tl . a .b,e as above. There exists 82 G]0, Sq] such 
that the operator 

D u : (domD u , || • || M ) -» (L P (R x S\u*TW; w s (s)dsd6), \\ ■ \\ s ) 

is surjective and has a uniformly bounded right inverse Q u = Q Us for 5 s]0, 82]- 

Proof. We choose a unitary trivialization of u*TW as in the proof of Proposi- 
tion [48l so that Xh and d/dt correspond to constant vectors in R 2n , and so 
that the operator D u takes the form 

(D u ()(s, 9) - d s C + J Q deC + S(s, 9)C(s, 9). 

Here Jo is the standard complex structure on K 2 ™ and S is asymptotically 
symmetric as s — ► ±00. The matrix S(s, 9) can be written as S'(s, 9) © S"(s, 9) 
with respect to the splitting £ © (d/dt,Xjj}, so that the operator D u is also 
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split with respect to the decomposition ^fflL, where L := (d/dt,Xn)- It 
is therefore enough to hnd uniformly bounded right inverses for each of the 
surjective operators 



D' u : W 1,P (M. x S 1 ,u*£;w s (s)dsd6) -> L P {R x S 1 , u*£; w s {s)dsd9), 
D'l : ^(Kx S\u*L;\\ ■ || M ) ®V' UyS ©V^ s — L P (R x S 1 ,u*L;w s {s)dsd9). 



Here we use the fact that the norm || • || 1,5 coincides with the weighted W rl,p -norm 
on sections with values in the subbundle u*£. Note that D' u is an isomorphism 
since it has index 0, whereas ind(£>") = md(D u ) is either or 1. 

We treat Z?" and consider first the case of a semi-infinite gradient trajec- 
tory. The two possible cases are entirely similar, and we assume without loss of 
generality that a = — oo, b = 1. Let 



so that lim^o S"(s, 9) = Sq uniformly in (s, 9). Consider the operator 

D'l s : W 1 ' p (RxS\u*L- : w s (s)dsd9)®v' u j®V! uS -> L p {Rx S\u*L;w s (s)dsd9) 

defined by D' a ' s := d s + Jodg + Sq. As in the proof of Proposition 14.81 one sees 
that D' Q ' s is surjective, and we claim that it admits a right inverse Q' Q ' s that 
is uniformly bounded with respect to S. Indeed, let Q' ' be a right inverse of 
D' ' := -Do a=i and consider the shift operators 



(TsC)(s) :=C(s + s 5 ) 
acting from dom(D' \ s ) -> dom(D ') and from LP(w s (s)dsd9) -> LP {e d ^ dsd6) . 



It follows from the definitions of || • \\± t s and || • ||^ that the operators T$ are 
isometries, and we have D' Q ' 5 = T7 DqT$ since D' ' is independent of s G K. 
Hence Q' \ s = T^Q'^Tg is a right inverse for D'^ s such that \\Q' \ S \\ = \\Q' '\\, 
and the claim is proved. 



Now, if S is small enough we have \\S"(s,6) - 5 '|| < 1/2||Q '||, s£l and 
therefore \\D'^ - D% s \\ < 1/2||Q '||. This implies that 



Thus D"Qq S is invertible and the norm of its inverse is < 2. Finally a right 
inverse for D" is given by Q' Q ' S (D'^Q' Q ' and has norm < 2||Q 'II- 

We now treat the case a = — T/2, b = T/2 for T > 0. Let It := U5 i7 ._(T+e)/2,0! 

Vl ■= "<5,7,0,(T+e)/2 &nd 



D" :=D'±: W 1 - p (Rx S\u* L; e d ^dsd9) ® v' w ® V_L ^ L p (e dlsl dsd9), 
D" := D'i : W^ P (R x S 1 , u*L; e^dsdO) © V u © Y! u -> L p (e d ^dsd9). 




\WQls Id|| = ||^'Q^ - D^Q^H < -. 
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The same argument as above, using the constant operator D'^, shows that D 
and D_ admit right inverses which are uniformly bounded with respect to 5 — > 
0. Both operators have index 1 and it follows from the description of their 
kernels given in the proof of Proposition ^. 8l that their restrictions to W 1,p ®V U , 
respectively W 1,p ®Y! U are isomorphisms. We choose the right inverses Q , Q" 
to be the inverses of their respective restrictions. 

Let ( £ kci D , £ G kcrZ2" be two sections such that their values at +oo 
and respectively — oo are equal to the (constant) vector corresponding to Xu 
in the chosen trivialization of u*TW . Let V', V be the 1-dimensional vector 
spaces spanned by /?£ and (1 — respectively. Setting the norm of these 

generators to be equal to 1 defines a new norm on dom(D ) and dom(Z>"), 
which we emphasize by decomposing the latter as 

dom(25") = W hp (R x S 1 ,u*L;e d ^dsd6)®v' u ®V', 

dom(D") = B'l : W 1,P (R x S 1 , u* L; e d ^ dsdO) ®V' ®V! U . 

It follows from our special choice of the right inverses Q , Q" that the latter 
are also uniformly bounded with respect to this new norm as 6 — ► 0. 

Let D" := D j^sD!.' be the operator obtained by gluing D cut at s$ and 
£>" cut at — ss, with the || • Hi^-norm on its domain and the || ■ H^-norm on its 
target. It follows as in Proposition 5] that the right inverses Q , Q" give rise 
to a uniformly bounded right inverse Q" for D" as S — > 0. On the other hand, 
we have ||D" — D"\\ — > as S — > 0, and we obtain a uniformly bounded right 
inverse for Z)" by the previous formula Q'^ := Q" (D'^Q")^ 1 . We note that, 
upon gluing, the exponential weights at ±oo for D , _D" give rise to the peak 
in the weight function wg for D" , and the fibered sum operation on V_ , V , on 
which the norm is fixed, is responsible for the appearance of the distinguished 
cutoff section Q leading to the modified norm || • \\i,s- 

We now treat D' u and start by making a few general remarks. For each 
so G R the operator 

D'(s ) := d s + J de + S{s , 0) : W hp (R x S\u*£,; dsdO) L P (R x S 1 , u*£; dsd9) 

is 5-close to the R-invariant operator with nondegenerate asymptotics corre- 
sponding to the constant cylinder over the orbit u(so,-). Hence, for 6 > 
small enough, both operators are isomorphisms |JU Lemma 2.4]. Moreover, 
this property also holds in the presence of weights e d ' s ', e ds or e~ ds . For 
the weight e d ' s ' we argue as follows. The operator is still Fredholm between 
the W 1,p and L p spaces with weights, of the same index 0. Since the corre- 
sponding W 1,p space is contained in T4 7l,p (IR x S 1 , u* £; dsdO) we infer that the 
operator is injective, hence an isomorphism. For the weight e ds we argue as 
follows. Multiplication by ep s determines linear isomorphisms M : W 1,P {R x 
S\u*£;e ds dsd6) -> W 1 ' p (RxS 1 ,u*£;dsd6) and M : L p (RxS 1 ,u*£;e ds dsd0) -> 
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L P (R x S 1 , u* £; dsdO) . The operator M 1 D'(s )M is an isomorphism and, for 
C G W l <*(B. x S\ u*£; e ds dsdO) } we have 

M- 1 D'(so)M( = D'(s )(+-(. 

P 

Since d > is small as in Proposition lA.2l and p > 2, the operator M -1 D'(so)M 
is R-invariant and has nondegenerate asymptotics, hence is an isomorphism [Ml 
Lemma 2.4]. An analogous reasoning using the multiplication by e~p s proves 
the claim for the weight e~ ds . 

Wc now prove that D' u admits a uniformly bounded right inverse in the case 
a = -T/2, b = T/2, s s = (T+e)/28. We recall the notation u := u,s, 7 ,_(T+e)/2,o, 
H. ■= u s n .a,(T+e)/2 and set 

D' := DL : wA p (K x S\ u*£; e d ^dsdO) -> L P (R x S\ u*£; e d ^dsd6), 

D' := : W 1>P (R x S 1 , u*£; e dlsl dsd0) -> Z7(R x 5 1 , e d|s| dsd6»). 

We claim that each of the operators D , Z?' is an isomorphism with uniformly 
bounded right inverse as 5 — > 0. We give the proof for D since the proof for £>' is 
entirely analogous. We choose a finite number of points — oo = s_ m < s_ m +i < 
• • • < s_i < = s < si < ■ ■ ■ < s m+1 = +oo such that \\S(s, 9) - S(s', 9)\\ < 
1/4C for all 6 £ S 1 and s, s' G [sj, Sj+i], i = — m, . . . , m, with C > a constant 
to be chosen below. Let 

:= := c -1 (u(si,0)), i = -m, . . . ,m + 1. 

We consider the operators 

A := 
D' := 

A' := 

For each i = — m + 1, ...,m we denote by = 1^,5 the gradient cylinder 
corresponding to the operator D^. The domain and range of the operators D[ 
are as follows: 

D\ : W l ' p {M. x S 1 ,u*t-e- ds dsd0) -► L"(R x 5 1 , <£; e~ da dsdB), i < 0, 

L> : W lj, (R x 5 1 , u^; e^dsdO) -> L P (R x S* 1 , u^; e d|s| dsd(9), 

£>J : W X ' P (R x S 1 ,u*£;e ds dsd0) -► L P (R x 5 1 , <£; e ds dsd0), i > 0. 

We have seen that D'(sq) is an isomorphism for all so G R if one uses any of 
the weights e d ' s l, e ds , e~ ds . Since S(sq, •) belongs to a compact set of loops of 
matrices we infer that the norm of the inverse Q'(sq) := D'(sq)^ 1 is uniformly 
bounded with respect to so G R for each of these three weights. We choose 
C := max^ightgjedM^d.^-*-} max SoSR ||Q'(so)||- 



D, 



D[ 



y-s rl ,a_ 1 ,b ' 



DL 
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The same argument as for shows that the inverse of each D[ is bounded by 
2C independently of S. We glue together the operators D[ into D' by cutting at 
di/S and bi/S. Then D' is still surjective and the norm of its inverse is bounded 
by 2CC 2m ~ 1 , with C a universal constant (see [24l Proposition 3.9]). Note that 
our choice of weights for the operators D\ is such that the resulting weight for 
the domain and target of D' is still e d l s L On the other hand we have 

II-D'-^'h ^0, <y->o. 

This is because the two operators coincide outside 2m — 1 intervals of length 2. 
where the variation of S tends to zero as S — > 0. As a consequence the inverse 
of D is also uniformly bounded when S is small enough. 

We now glue the operator D cut at s$ with the operator D_ cut at — sg, 
and denote the resulting operator by D'. The argument in [5j Proposition 5] 
shows that D' admits a uniformly bounded right inverse Q' , provided one uses 
the weight ws(s) on its domain and target. On the other hand 

\\D' u -D'\\^0, 5^0 

since the two operators differ on a segment of length 2 where the variation of S 
goes to zero. We infer that D' u also admits a uniformly bounded right inverse. 

The cases when a = — oo, 6 = 1 or a = - 1, 6 = oo follow now easily by 
combining the proof of the existence of uniformly bounded right inverses for the 
operators D with the previous use of a shift operator (Ts()(s) = £(s ± ss). □ 

Remark 4.10. Note that, if a = —T/2, b = T/2, Our construction of a right 
inverse for D" in the proof of Proposition 14. 91 is such that its norm is uniformly 
bounded as S — ► even if one uses the "non-compensated" norm || • \\i tPl s instead 
of || ■ || i^. However, our choice of the norm || • \\i,s will be essential in the proof 
of Proposition 14. 161 

In order to describe the pregluing construction it is convenient to work with 
a single section over B' s rather than with a family of sections. We recall that, 
up to a translation, the defining interval I(a,b) of a gradient cylinder can be 
considered to be [—T/2, T/2], T > in case (i), or ] — oo, 1], [— l,oo[ in cases 
(ii) and (hi) respectively. We are therefore led to consider the section 

d:B's^£ (56) 

defined by d := <9-oo,i and d := d-i t00 in cases (ii) and (hi), and by 

B(u) = B e (u) := <9_T u /2,T„/2, e (") 

in case (i) . Here T u > is the time needed to flow along the gradient of f 1 from 
the negative limit to the positive limit of u (see (|51|). 

Remark 4.11. In case (i) the section d can be described as follows. The one 
parameter family of sections &t '■= d-T/2.T/2,e gives rise to a section denoted 
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{dx} of the pull-back bundle pr^£ — * B' s 



There is a codimension one 



embedding i : B' s —> B' s x 
the identity and we have 



given by l(u) = (u, T u ), the composition pr 1 o i is 

9 = {9 T }|im t - 

The situation is summarized in the following commutative diagram. 
£ ^pr|£ 



{5 T }\ 



B. 



B'x 



£ 



■B' x 



Given u £ B' s we denote by D' u : T U B' S — > £ u the vertical differential of B. In 
cases (ii) and (iii) we have seen that D' u is a Fredholm operator of index ind(p) 
and 1 — ind(g) respectively. In case (i) the vertical differential can be computed 
explicitly as follows. The vertical differential of {Bt}, denoted by D{Bt}, is 

D{B T }(u, T) ■ (C, r) = DZ T/2 > T ' 2 'X - r{JX Hs . H )-^h'_ T/25me/s {s) 
= D- T / 2 ' T / 2 '%-^(JX Hs _ H )k_ T/25tT/2Sie/5 (s). 

Let us write a section C 6 T U B' S as ( = C° + < + K, with C° 6 W 1 ' p > d , a,beR 

and C, C being the distinguished generators of V u , Yl u respectively. The vertical 
differential D' u acts by 

D' u ( = D{d T }(u,T u )-(CdT u -0 



One can explicitly compute 



dT u ■ C = dT u • « + K) 



c{-T u /2)b~c{T u /2)a 
c(-T u /2) ■ c(T u /2) ' 



where c : R — > 5 7 is the gradient trajectory satisfying c(—T u /2) = Oq, c(T u /2) = 
and c is the derivative with respect to the Xff-parametrization of Sj. 

Proposition 4.12. Let T > and u = it,s i7) _T/2,T/2,e- ^ e witter o/ is 
equal to 1, its kernel has dimension 2 and a complement ofimD' u is spanned by 
a section supported in 

[-(T + e)/26,-(T+e)/26 + l] x S 1 (J [(T + e)/25 - 1, (T + e)/2S] x S 1 . 

Morever, D' u admits a right inverse defined on its image which is uniformly 
bounded with respect to 5 — > 0. 



Symplectic homology for autonomous Hamiltonians 



44 



Proof. The first order differential operators D' u and rj)^ 7 "/ 2 ' 7 "/ 2,6 differ by a 
term of order zero, hence their indices are equal and vcidD' u = 1. 

The operator D{Bt}(u, T u ) is surjective and has index 2. As a consequence 
dimkerD^ < dim ker D{Bt}(u,T u ) = 2. Let c : R — > 5 7 be the gradient curve 
defining u = U5, 7 ._t/2,t/2,«- F° r 17 close to zero we define c CT (s) := c(<r + s) 
and denote by u\ := Ug^ _ T ^ 2 t/2 e ^ ne gradient cylinder defined by c° . Then 
B(ul) = B T {ul) = 0, hence C 1 := ^U=oWi G ker£K. We also define u% := 
u (5.7,-(T+cr)/2.(T+cr)/2.e to be the gradient cylinder associated to c. Then B{u%) = 
Bt+<j(u%) = 0, hence £ 2 := -£^\ a=0 u2 € kerD^. Since C 1 and £ 2 are linearly 
independent, we infer that dim ker ZT/ U = 2. 

We claim that the section r\ := ^g(JXH s ^u)k^x u /2S,T u /2S,e/s( s ) spans a com- 
plement of imD' u . This follows from (i) in Lemma [4.131 below with I := dT u , 
4> := D u T "/ 2 ' T "/ 2 ' e 5 ^ : — y := 77 and Xj, := £ 2 . That admits a uniformly 
bounded right inverse defined on its image follows from (ii) in Lemma |4. 1 31 and 
the fact that D u " ' " ' has a uniformly bounded right inverse by Proposi- 
tion EM □ 

Lemma 4.13. Let <f> : E — > i 7 oe a surjective map of Banach vector spaces, 
£ : E — > R oe a nonzero linear functional, y = 4>(x y ) £ F be fixed and <j) : E — > i 7 " 
oe defined by 

<f>(x) = 0(x) - 

VFe assume that kcr0 C kcr^. T/ien im<^ = 0(ker^) i/ and onfo/ if £(x y ) = 1, m 
which case the following hold. 

(i) XTie element y spans a complement ofimtp. 

(ii) If Q : F —t E is a right inverse for (f>, then Q|0(kcr£) * s a n<?/ii inverse for 

4> defined on its image. 

Proof. We first note that im<f> D 0(ker^). Let us now assume that im</> = 
</>(ker£). For a; ^ ker^ we obtain cj)(x) — l{x)4>{x y ) G (j>(ker£), hence a; — l(x)x y £ 
ker I?, implying £{x) — £(x)£(x y ) = and £(x y ) = 1. Conversely, if £(x y ) = 1 we 
obtain x — £(x)x y g ker£ for any x & E, hence = 0(x — £(x)x y ) G 0(ker^). 

The element y does not belong to ^>(ker^) because y = (f>(x y ) with ^(:%) = 1 
and the preimage x y is well-defined up to an clement of kcr0 C kcr£. This 
proves the equivalence in the statement of the Lemma, as well as (i). 

To prove (ii) we need to show that Q(cj)(kcr£)) C ker£. We prove the stronger 
statement imQ n kcr£ = Q(0(ker£)). The inclusion imQfl ker£ C Q(<fi(ker £)) 
follows from the observation that, given x = Qz with £{x) = 0, we have z = 
4>(Qz) = <j>(x) £ cf>(ker£). On the other hand note that Q(j> is the projection to 
im Q along ker 4>. Since ker <fi C ker £, it follows that Qtp(ker £) C im Qnker £. □ 

We describe now the pre-gluing construction for elements of the Morse-Bott 
moduli spaces and gradient cylinders of the form u<5,7,a,&.e- We define the space 

Bs := Bl' p ' d (%, V.,, . . . , S 71 , lq , A; H, {/ 7 }) 
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consisting of tuples w := (ui, ■ . . , u m , Vo, 
tions. 



, v m ) satisfying the following condi- 



(i) Ui G B 1 ' p,d (S li , S li _ 1 , Ai\ H). i = l,...,m, with S l0 := 5 7 , S 7m := S-, 
S~ (i ^ S^ fi _ 1 , z = 1, . . . , m and A\ + . . . + A rn = A; 

(ii) vq G B l s p ' d {Sj : q; jj), v { G B s ' v ' (S^ i: S 74 ; / 7i ) for i = l,...,m- 1, and 

(hi) ev(«i_i) = ev(Mi) and ey(t>i) = ev(iti) for i = 1, . . . , m; 

(iv) ev(^o) belongs to the stable manifold of q, and ev(i> m ) belongs to the 
unstable manifold of p. 

By the definition of the spaces Bl' p ' (S yii S" 7i ; / 7i ) we have ev^) ^ ev^) for 
i = 1, ... ,m — 1. We denote by T!; > the unique positive real number such 
that (^j? 1 * (cv(vi j) = cv(vi), where (pi" 1 is the gradient flow of / 7 . 



Figure 4: Broken Morsc-Bott trajectory w. 



Let us choose a tubular neighbourhood C/ 7 C W for each 7 G V(H), 
parametrized by (d, z) G S 1 x M 2 ™ -1 . Given any subset 



/C c B 1 s p4 {.l p -,S lm _ 1 , . . . , S li: 2 q , A; H, {/ 7 }) 

for which there exists so > such that, for |s| > so, the components of any 
w G K, belong to the respective tubular neighbourhoods of their asymptotics, 
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we construct, for 5 > small enough and eiSM, i = 1, . . . , m — 1 small enough 
in absolute value, a pre-gluing map 

G s ,e ■ JC -> S^ p ^(7 p ,7 9 , A; if, {/ 7 }), e := (ei, . . . , e m _i). 

Let /3 : K — ► [0, 1] be a smooth increasing cutoff function vanishing on ] — oo, 0] 
and identically equal to 1 on [l,oo[. Define the gluing profile R = R(S) by 



(57) 



We define for i = 1, . . . , m the maps u.; : [— R, R] x S* 1 — > W by 

s e [-f?,-f? + 1], 



' f z(s,0) =/3(s + J R)^oui(s,(9), 
\ t?(«, 0) = + /3(s + JZ)(t? o «<(«, 6») - 0), 
u;(s,0):=< u<(«,0), s G [-f? + 1], 

( z(s,9)=p(-s + R)zo Ui ( s ,9), 8( =rp_i pi 

t \ #0,0) = + /?(-« + J2)(i?ou i (« ) 0)-0) ) sfc[rt i,rtJ - 

We define for i = 1, . . . , m — 1 the maps 

$ : [-(T 4 + ei )/2(5, (T 4 + ei)/2a] xSU? 
by the analogous formulas in which we replace R by Ti ^ €i ■ We also define 

vo : [-1/5,+oolxS 1 -> W 

by 



v (s,6) 
as well as 



z(s,0) =/3( S +i)zo„ ( S ,9), 
tf(s,0) = 0+/?(s+i)(tfo Uo (s,0)- 
u o (s,0), 

v m :] -oo,l/<5] x S 1 -> W 



,^[4-4 + 1], 

se [-i + i,+oo[, 



by the analogous formula with s replaced by — s and vq replaced by v m . Finally, 
we define 

as the catenation v m , u m ,v m -i, ... ,ui,ub. The catenation of these maps is 
performed in the above order and with (obvious) shifts 

in the domain defined by 



(58) 
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for j = 1, . . . , to. Here we denote 

ei:=R+(Ti + ei)/28 (59) 

for 2 = 0,..., to, with the convention T m = To = 2 and e r „ = £o = 0. We have 
in particular 

Vi(s,0) = G 5j e(«0(s + s Vi ,6), (s,0) G dom(uj), i = 0,...,m, 
uj(s,6) — Gs,e(w)(s + s Uj ,9), (s,fl)6dom(2 3 -), j' = 1,...,to. 
Given u = (c m , u rn , . . . , iti, c ) € -M A (p, g; if, {/ 7 }, J), we denote by 

G sre (u) 

the element Gs,e(w) £ jB<s, where ■55 := (u m , u m , . . . , Ui, vq) and := ua,^,^,^,^, 
i = 0, . . . , to is the gradient cylinder corresponding to the gradient trajectory 
Cj : 7(a t , bi) — > S^. 

The section dH s ,j(Gs,e(w)) belongs to the space 

L p (R x S 1 ,G St e(w)*TW-,gs,e(s)dad6), 
where the continuous function gs,e{s) is the catenation of the following functions: 

(i) gs, Ui (s) := e d ' s on the domain [—R,R] of Ui] 

(ii) gs^vM = e^"! -8 *-*! on the domain [-(T t + e ?; )/25, (T 4 + e l )/26] of v u 
where Sj,a = - i? < s* 5 = i = 1, . . . , to - 1; 

(hi) <7a,i> ( s ) := e d ' s+s °'' 5 ' on the domain [— 1/5, +oo[ of Vq, where s <5 = 1/5 — 
(iv) <?a „ (s) := e d l s ~ ;im '' 5 l on the domain ] — oo, 1/5] ofv m , with s m 5 = 1/5 — 

R<** m ,6 = 1/5- 

We denote the norm on the above LP space with weight <?a,? by || • Ha, omitting 
in the notation the dependence on the numbers T, + e,, i = 1, . . . , m .— 1. We 
define a norm || ■ ||i .5 on the space 

W hp (R x £^ G 5 ,e(w)*TW; 5a,e(s)dsd0) 
as follows. For j = 1 . . . , m let 



\7 



(X H ,X H ) ~ 3 (X H ,X H ) 



(60) 



where (■, ■) is the inner product in L 2 (S' 1 ). Here s u . — i? and s u . + R are the 
coordinates of the catenation circles between Uj and Vj, respectively Uj and 
Vj—i. For i = 1, . . . , m .— 1 let 

_ (CK,-),Cm(Q,0) 
1 (Cm-(o,-),Cm(o,-))' 
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s„ ,. - 2R s„, - R 



^Uj $Uj 4~ R S u - -\~ 2R Syj-i 



Figure 5: The definition of || ■ \\i,g. 



where the section Q t g generates the kernel of the operator D Vi as in Proposition 
14.81 The norm || • is then defined by 

IICIIv- 

m 

||C - + s Uj ){3(s - s Uj + 2R)X H (64) 

- Kjf3(s - s Uj )/3(-8 + s U] + 2R)X H 

m—1 

- ^2 KiP(s-s Vi +ii - 2R)j3(-s + s Vi + £i - 2R)Ci,s(- ~ s n->-)\\ w i, P f gs _\ 

m m — 1 

j=l t=l 

Here £j is dchncd by (|59p . (3 : R — > [0, f] is the smooth cutoff function which 
vanishes on ] — oo, 0] and is equal to 4 on [1, oof, and || • ||vy 1 .p(g lS - f ) is the W 1,p - 
norm with weight g$j on W 1,p (e d ' s 'dsd9). The graph of the function 

(3(s + s U] )(3(s - s U] + 2R) + /3(s - s U] )(3{-s + s U] + 2R) 
+/3(s - s V] + l 3 - 2R)f3(-s + s Vj + l 3 - - 2R) 
+/3(s - + tj-i - 2R)/3(-s + + - 2R) 

is depicted in Figure El 

Remark 4.14. The definition of || ■ ||i ,g is such that the norm of the gluing 
map G constructed in the proof of Proposition ^. 48l below is uniformly bounded 
with respect to 5 — ► 0. 

Proposition 4.15. Let w <E Bg and e(S) := (ei(<5), . . . , e m _i(£)) be such that 

(i) ei(S)^0,6^0fori = l,...,m-l; 

(ii) m G A4 Ai (S-yt , S li _ 1 ; H, J), i = 1, . . . , to; 
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(Hi) the components Vi are of the form us ni ^a i ,b i ,t i , with hi = —a.; = Tj/2 for 
i = 1, . . . , m — 1, bo = +oo , ao = — 1, eo = and b m = 1, a m = — oo, 
e m = 0. 

Then 

lim ||^ 5)J (G a ,e(^))|U = 0. 

o — >u 

Proof. We must check that \\dH s ,j{Gs,e(w))\i x s^\\s — > as (5 — > when Jci 
is an interval of the following type. 

(i) / = [-R + 1, R — 1] is contained in the domain of ui. Then dH s ,.j(ui) = 
— J(Xh s — Xh) o Ui- The norm of this map is pointwise bounded by a 
constant multiple of 5. Hence its 5-norm is bounded by a constant multiple 
of Se dR -> 0, 5 -> 0; 

(ii) / = [— i?, — R + 1] or I = [R — 1,R) is contained in the domain of Ui. 
We have <9// 5 ,j(«i) = dn,j(ui) — J(Xh s ~ Xh) ° The second term is 
bounded as in (i). The term dn,jiui) l& pointwise bounded by the norms 
of z o Ui, d o Ui — 9 and of their derivatives. By Proposition I A. 1 1 their 
5-norm is bounded by a constant multiple of e ( d ~ r ) R — ^ 0, (5 — ^ 0; 

(iii) / = [-(Ti + e t )/25 + 1, (T* + e l )/2S - 1] for i = 1, . . . m - 1, or J = 
[—1/(5 + 1, +oo[ or I =] — oo, 1/(5 — 1] and is contained in the domain of 
some Vi. Since djj' t t = and H'_ T y 2 T ^ 2 e . = Hs for s G /, 

we already have \\d Hs ,j(Gs,e(w))\i x sA\s = 0; 

(iv) I =[-(T i + e i )/28,-(T i + e i )/28+l] ox I =[{T i + e i )/28-l,{T i + e i )/28] 
for i = l,...m- 1, or / = [-1/5,-1/5+1], or / = [1/5- 1,1/5] and is 
contained in the domain of some Vi. Then dH s ,j(vi) involves only •dovi — Q, 
its derivative with respect to s and 5V/ 7i . By formula l|50p the norm 
of these expressions is pointwise bounded by a constant multiple of 5, 
therefore their 5- norms are bounded by 8e dR — ► as 5 — ► 0. 

□ 

Proposition 4.16. Lei p„] G .M" 4 ^, 7^; , J) 5„ — * 0, n — > oo and 

let [u] € A4 A (p, q; H, {/ 7 }, J) oe a broken Floer trajectory of level l= \ whose 
intermediate gradient fragments Ci, . .., c m _i are nonconstant. Then \v n ] — > [u], 
71 — > oo i/ and onfo/ i/ t/iere exisi 

• representatives v n G [«„], v G [u], 

• real parameters e n = (e™, . . . , ej^.j) wii/i e™ — > 0, n — > oo, 

• vector fields Cn G ^G 4n -n(v)£><5 M ^ Cn = (Cn> Cn; C )> swc/i that 

||Cn||i,«„ := IIC°IIm„ + IICJI + IICJI ^0, n ^ oo, 
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satisfying 

v n := exp G(5n _„ (v) (C„). 

Proof. We first prove the converse implication, namely that convergence in norm 
implies geometric convergence. We define shifts (sf), i = 1, . . . , m inductively 

by 

s™ := l/5 n + R n , a? := s? +1 + 2i?„ + (T, + e?)/*n- 

We claim that v n (- + s™, •) — > itj, n — * oo uniformly on compact sets. Let i?o > 
be fixed. By assumption 

IIC°G + Si,-)\[-Ro,Ro]xs4i,Sn ti-kx>. 
By the Sobolev embedding theorem this implies 

IIC°(- +Si,-)\[-Ro,Ro]xs4c° ->0, oo. 

Since 

G <W>( V )(- + s "; •)l[--Ro,-Ro]x,S 1 = - "i|[-i?. ,-Ro]xS 1 

for n sufficiently large, the conclusion follows. 

We now prove the direct implication. Let us pick a representative 

v = (c m ,u m ,c m _i, . . . ,Ui,Co) G [u] 

and let Tj, i = 0, . . . , m be the lengths of the intervals of definition of Cj, with the 
convention T = T m = +oo. We also choose arbitrary representatives v„ E [v n ]. 
By assumption there exist shifts (s™) such that v n (- + s™,-) converges to itj 
uniformly on compact sets. We define 

e? := <S n « - s™ +1 - 2R n ) - T h i = 1, . . . ,m- I. (62) 

By Lemma T4. 61 we have e™ — > 0, n — > oo. We define partitions of the real line 

-co = < < 6" < < . . . < a% < b% = +co 

by := 1/S n and 

o?_ x := 6," + 2i?„, ~ + + e?_i)/*„, i = 1, . . . ,m. 

We define a sequence of shifts (s n ) by 

s . — s m i/S n R n 

and we still denote by v„ the shifted sequence v n (- + s n , •). 

We first show the existence of a unique vector field £ ra satisfying v„ = 
exp Gs _„( v )(Cti)- For that it is enough to prove 

lim sup dist(v n (s, 6), G s ^(v)(s,6>)) = 0, (63) 

n-^oo seJn>eeS i 

where J„ is an interval of the following form: 
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(i) [b?,a?_ 1 },i = l,...,m; 

(ii) [a?,b?],i = l,...,m-l; 

(iii) [6™ - A7<5„, 6™ ] or [off, a£ + for any A' > 0. 

The asymptotic behaviour of w„ and G$ n t jn (v) ensures that is an element of 
the relevant W^ ,p -space. 

We prove case (i) by contradiction. Assume that there exists e > and a 
sequence (s n ,9 n ) £ [&f\ct™_i] x S 1 such that 

dist(w„(s„,0 n ),G 5n) r<-(v)(s n ,0„)) > e. 

Since l|63|) is satisfied if one replaces v n by Ui(-— sf , •) (by definition of Gs n ,e n ( v )), 
we also have 

distKfoA), «i(s n > e/2 (64) 

for n large enough. By the assumption of uniform convergence on compact 
sets v n (- + s™, •) — * •), up to passing to a subsequence we can assume that 
s n — s™ — > ±oo. We treat the case s„ — s" — > oo, the other case being similar. 
Since s„ € [6™, a"_ x ] and 5n(a£_x — 6") = 25 n R n — > 0, we have <5„(s„ — s") — > 0. 
By Lemma T4. 5 1 we infer that v n (- + s n , •) — > ev(ui), which means 

lim u„(s„, •) = lim itj(s n - s™, ■) 

n — >oo n — >oo 

and this contradicts (|64|) . 

Note that the above proof shows that v n (- + a™_ 1; •) — * evfa,:) and v n {- + 
6™, •) — > ev(uj), i = 1, . . . ,m uniformly on compact sets. 

We now prove case (ii) . Let us fix 1 < i < m — 1 . An action argument as 
the one in the proof of Lemma [4TB1 shows that v n (I n x S 1 ) is entirely contained 
in a small neighbourhood of S li . We apply Proposition IA.3I to v n and /„ x S 1 
to obtain 

lim sup \z o v n (s, 6)\ = 

and 

lim sup 0ou„(s,0) -0-<pg ri ( ,_„»\(ev(ui + i)) = 0. 

™^ 00 (.s,e)G7„xS 1 " l iJ 

The same two equations hold, by definition, if one replaces v n by ^ (v) , and 
the conclusion follows. 

We now prove (iii). We treat only the case /„ = [a^.a^ + K/S n ], the other 
case being similar. An action argument as above shows that v n (- +aff + K/d n , •) 
converges uniformly on compact sets to a constant cylinder over some orbit 
7 G Sj . By Lemma 14.61 we know that 7 = tp^° (evfai)), and in particular is 
not a critical point of / 7o . Now the conclusion follows in the same way as in 
case (ii). 

We now show that 

lim ||C»kxSi||i,5„=0 (65) 
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in each of the cases (i)-(iii). We denote in the sequel 

|CM)|i := ICM)I + |v s CM)l + |v e CM)l- 

We first consider case (i). Let us fix K > large enough. For n large enough 
we can write 

I n = [a? - R n , «? - K] U [a? - K, s™ + K] U [s™ + K, s? + R n }. 
We first note that 

KMI? 9s n ,en(s)dsd6 = / |CM)I? e^^dsdO 
< sup UsMl-e dK . 

s£[s™-K,sV-+K] 

Since v n (- + s™,-) and G^.r 1 (v)(- + s", •) converge uniformly on compact sets 
together with their derivatives to Ui, the last term goes to zero as n — > oo. 

In order to estimate the integral on the interval [s™ — R n , s" — if] we apply 
Proposition IA.3I on [s" +1 + it, s™ — K] to i>„ to obtain 

\z o Vn {s,6)\i < C{K) C08HP{S S ~ S ^ £=^ < C\C(K)e^-°"+^ 
cosh(p(^±l - K)) 

and 

\*ov n {8,8) 9- <p£\ a _ i?) (tf)\i < CMK)e*»-* +K \ 

where | • |i stands for the pointwise C 1 -norm, for some p" <G S li such that 
pf — > ev(ui), n — -» oo. Similar estimates hold, by definition, if one replaces v n 
by G,5 llj e"(v) and p" with ev(ui). Hence we obtain 

|C»(«,fl) -7s?X fl |i < CiC(A>^- s " +x ), (66) 

where k™ — > as n — > oo and 

C(K) = CmaxdlQ^^^+j + A)||, HQ^a? - A')||, 

||Qoo«»(*?+l + *« + J)Q||, ||Qoo«n(«" + S„ " A)||). (67) 



We obtain 



/ |Cn(*.fl)-^H|f 96 n (s)dsd6 

J S f-R n 

C s n -K 

\t n {s,6)-T%X H \\ e~ d ^~ s ^dsde 

1 s"-R n 

< C 2 C(K) p e dK . 
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A similar estimate holds when the interval of integration is [s™ + A, s" + R n ] , 
with C(K) replaced with C'(K). Letting n — > oo we obtain 

lim / |C„(s, 0) - T%P{s + s?)X H - K?/3(s - a?)X H \l gs n {s)dsde 
< C 2 {C{K) P + C'(K) p )e dK . 



We let now A — > oo. Proposition IA.3I implies that, for A > A', we have 
C(if') < C 3 C(K)e~^ K '- K \ hence C(K)P e dK -> as A" -> oo because d < pp. 
The equality (|65|) follows. 

We now consider case (ii). We fix A' > large enough and apply Proposi- 
tion [O] on the interval [s" +1 + A, s" - A'] D [s " +1 + i?„, s" - R n ] = I n to obtain 
as in case (i) 



cosh(p( 1 2 - +1 - A)) 

where C(A) is given by ([67)) . Ci,<s( s — a ' +1 2 +;i ' ) generates the kernel of the lin- 
earized operator corresponding to gradient trajectory Cj as in Proposition 14.81 
and n™(i.8(b" , ■) = k^Xh- In particular, we have k™ — > 0, n — > oo. We get 

The last term goes to zero as n — > oo. Equality (f6"5| follows now as in case (i). 
Case (hi) is entirely similar to case (ii). 

In order to complete the proof of ||Cn||i,5„ — * 0, n — > oo, it is enough to show 
that ||Cn|/„xSi||i,<5„ if J„ =] - oo,&™ - K/5 n ] or J„ = [og + A/5„,+oo[, 
for any A > 1. The two cases are entirely similar and we give the argument 
only for I n =] — oo, b™ n — K/5 n ]. By Proposition E21 for n sufficiently large we 
have v n (s,6) = exp u ^ ^ ^ ^ ^(^(s, (9)), with r?„ = (j?°,jj n ), ?y° € W l p {I n x 

S 1 ,u| nj7m) _ 00jl TW;e r l s lds d0), ??„ G F'. Since u„(6™,-) -► ev{u m ) we have 
ll^nlloo — * 0. Since G<5„,e»(v) = U5„, 7m ,-oo,i on J n , we obtain Cn = r?n, so that 
j|C„|| -> 0. The fact that ||C°||i,5„ -* follows from the fact that d < r. □ 

We explain now how to construct a right inverse for Dq s which is uni- 
formly bounded with respect to 5 — ► 0. The space Bs is a Banach manifold 
whose tangent space at w is 

TojBs = T Vm B$ d ev ®dev T Um B d ev ©dev T Vm _ 1 Bg d ev © ■ ■ ■ ©dev T Vo Bg. (68) 

Recall that the fibered sum of two vector spaces W\ , W 2 with respect to linear 
maps fi :Wi^W is the vector space 

Wi f x ®f a Wi := {(wi,w 2 ) &Wi®W 2 : fi(wt) = h{w 2 )}. 
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If (Wi, || • ||i), (W2, || • || 2) and W are normed vector spaces, and /1, fa are 
continuous linear maps, then W\ f 1 © / 2 W2 is a closed subspace of W\ © W2 and 
inherits the norm || ■ || 1 + || • H2 from W\ © W 2 - In our case 

dev : T Vm B' s = W r *> d © V ffi £' -» T £x(t , m) S' 7m 

factors through the projection on V.', and similarly for the other evaluation 
maps. Therefore the above fibered sum only affects the summands V, V_, V , 
V' , so that TwBs is a subspace of codimcnsion 2m in 

T Vm B' s © T„ m £ © T Vm _Jg s © ... © T„ B^. 

As above, the norm on T^Bs is induced from the ambient space. Recall that 
the iy 1 ' p -component has weight e d ' s for each T Uj B, weight e d H s l _Si <5 l for each 
T Vi B' s , i = l,...,m- 1, weight e d l s+s °< 5 for i = and weight e d l s - s "^ for 
i = to, with s, i( 5 as in the definition of gsj. 

The sections 8r,j ■ B — > £ and d : B' s ^ £ defined by (|4Tj) and lf56|) give rise 
to a section over B$. We denote its vertical differential by 

D a : TfsBs -> i7< d «7W) © L p ' d «TW) © ... © LP< d (v*7W), 

where 

L p ' rf «IW) := L P (R x 5 1 ,u*TW ? ; g SteitVi (s)dsd6), 

L p ' d (u*TW) := L p (R x S 1 , <T?; g s , Ui (s)dsd6). 

Lemma 4.17. Let J £ J reg (H) and {/ 7 } £ F Teg (H, J). Let e = (ei, . . . , e TO -i) 
and let w £ *8,5 oe as m Proposition ^- 15] The image of the operator D a has codi- 
mension to — 1 and admits a complement spanned by sections r\i £ L p ' d (v*TW), 
i = 1, . . . , to — 1 which are respectively supported in 

[-(T t + ei)/2S,-(Ti + 60/2(5 + 1] x S 1 U [(T< + e. t )/25 - 1, (T< + e<)/2i] x S 1 . 

The operator admits a right inverse Qa defined on its image and whose 
norm is uniformly bounded with respect to S — > 0. 

Proof. We show that 

im D l7 , = im D' Vm © im D Um © im Dj, m _ 1 © . . . © im D' V() =; E. (69) 

By definition we have vcuDq, c E. Let us now choose (x m , y m , . . . , a?o) € E and 
2?i and j/,- such that D' v (xj) = a;;, D Uj (yj) = yj. We need to modify J,; and y 3 
by elements lying in the kernels of the corresponding operators so that 

dev(yj) = dev(xj), dcv(y.j) = dev(xj-i), j = 1, . . . ,m. (70) 

Let us first assume to > 1. We have 

^■^5,1 ,-oo(<%> % H, J) x T Um M Am (Sj, S lm _ i; H, J) = kerD' Vm x kerD Um 
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and, because {/ 7 } € !F Tes (H, J), the map 



(dev. dev) : ker P>' Vm x ker D. 




is transverse to the diagonal. We can therefore modify x m and y m so that 
dcv(y m ) = dev(x m )- Similarly the map 



is transverse to the diagonal and we can modify y\, x$ in order to achieve 
cfev(j/i) = dev(xi). For i = 1, . . . , to — 1 the maps 



is transverse to the product of the diagonals in the first two and in the last 
two factors. We can therefore modify simultaneously xi, yi, xq in order to 
achieve ([70)1 . Therefore ([55]) is proved. It then follows from Proposition 14.121 
that the image of Dq, has codimension m — 1 and is spanned by sections r]i G 
L p ' d (v*TW) supported in the desired intervals. 

We now prove that admits a uniformly bounded right inverse defined on 
its image. We observe that Dg, is the restriction to dom(Z?^) of the direct sum of 
operators D := D' Vm ®D Um ®D' Vm i © ■ ■ -®D Ul © D' VQ . Let Cm, Co be generators 
of kerD' Vm , kevD' Vo and, for i = 1, . . , , m — 1, let (j, Q be the basis of ker D' v . 
constructed in Proposition 14. 121 We denote by K the vector space spanned by 
these 2m sections, viewed as elements of dom(£>). Then dim K = 2m and K 
is a complement of dom(D{s). Let P : dom(£>) — > dom(D,j) be the projection 
parallel to K, let Q u , j = 1, . . . , to be uniformly bounded right inverses for D u . , 
let Q Vi , i = 0, ... ,to be uniformly bounded right inverses for D' v . defined on 
their images as in Proposition l4.12i and denote Q := Q Vm ®Qu m ®Qv m -i®' ' '© 
Qm ®Qu - Since K C kerD the operator PoQ : im(D) = im(D{s) — > dom(D^) 
is a right inverse for Dq, defined on its image, and we claim that its norm is 
uniformly bounded for 5 — ► 0. The norm of Q is uniformly bounded for 8 — » 0, 
so that it is enough to prove that the norm of P is uniformly bounded for 5 — > 0. 

The sections Co; Cm and Q, Q for i = 1, . . . ,m — 1 have the property that 
their respective asymptotic values (obtained by applying c?cv and dev) are not 
simultaneously zero. Moreover, the same is true for any linear combination of Q 
and Q for i = 1, . . . , m — 1. As a consequence, there exists a uniform constant 
C > such that, for any x = {x m , 0, x m _i, . . . , 0, xq) € if, we have 



(dev, dev) : ker D Ul x kerl)^ 





7 



m — 1 

!|x|| M < C(|dev(x ro )| + |dev(x )| + £ |tfev(aJi)| + Mcv(x 4 )|). (71) 

i=l 
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Given v £ dom(_D) we have P(v) = v + w for some vector w £ K which is 
uniquely determined by the asymptotic values of the components of v, and it 
follows from (fTTj) that 

\\w\\i,s < C\\v\\i tS - 

We obtain 

\\P(v)h.s = IK' + HIm <l + (J 

IMIm IMIm ~ 

so that the norm of P is uniformly bounded by 1 + C . This proves the Lemma. 

□ 

Proposition 4.18. Let J £ Jreg(H) and {/ 7 } £ !F Te g(H,J). Let w € Bs and 
e(5) = (ei(5), . . . , e m _i(5)) be as in Proposition \4-l3\ The operator 

Gi , 5 (S) : W^iRx S\Gs rt {w)*TW ] g Srt {s)dsd9)®v' Vm @V! V0 
-> L P (R x S\Gsre(w)*TW]gs.-e(s)dsde) 

is surjective and admits a right inverse Q$ = Qs,e,w whose S-norm is uniformly 
bounded with respect to 5 — > 0. 

Proof. Our proof is modelled on the proof of the gluing theorem for holomorphic 
spheres by McDuff and Salamon [21, Ch. 10] . Let 

be the extensions of v m ,u m ,v m -i, . . . ,ui,vq to R x S 1 defined by the same 
formulas. Note that 

Uj{s,9) 7 s £ [-R+ 1,R- 1], 
v m (s,9), si [1/5-1,1/5], 
v (s,6), s<£ [-1/5,-1/5+1] 

and vf(s,9) = Vi{s,6) for s outside [-(T* + e l )/26,-{T l + e l )/25 + 1] U [(T 4 + 
€j)/25 — 1, (Tj + £j)/25] and i = 1, . . . ,m — 1. The difference between vf and Vi 
on the one hand, and that between and Uj on the other hand is exponentially 
small as S — » 0. This implies that the operators D u i , D' s and £>' 5 are surjective 
for S small enough and admit uniformly bounded right inverses, while the op- 
erators D' vS , i = 1, . . . , m — 1 have a codimension one image with a supplement 

spanned by a smooth section r\i supported in [— (Tj + e,)/25, — (Tj + ej)/25+ 1] x 
S 1 U [(Tj + e,)/25 - 1, (Tj + e.j/25] x S 1 , and admit uniformly bounded "right 
inverses" defined on their image. It follows that the vertical differential D^s 
satisfies the conclusions of Lemma 14.171 where w s := (u\ , . . . , u s m , Vq, . . . , v s m ). 
In particular, it admits a uniformly bounded right inverse defined on its image, 
which we denote by Q^s (see [211 Lemma 10.6.1] for a similar statement in the 
case of holomorphic spheres) . This means that there exists a constant cq > 
such that 

||Q#*x||wi,p,d < co||x|| LP ,d 



u%s,e) = 

v 5 m (s,9) = 
v 5 (s,9) = 
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for all x £ imD^s and 5 > 0. 

We define an operator T$ by the commutative diagram 

T^B 5 ■< L p ' d (w 5 *TW) 



G 



S 



dom{D Ge _ {iS) ) L p(R x S 1 , G s ^(w)*TW;g s ,e(s)dsd9) 

where 

L p - d (w s *TW) := L p ' d (v 5 m *TW) © L p ' d (u s m *TW) © . . . © L^wf 

In the rest of the proof we shall omit the subscript e from Gs,e and gs,e- An 
element of L p - d (w s *TW) is denoted by 

X (^mi |/?n j ■ ■ ■ j 2-0 )• 

The mixing map P, the splitting map S and the gluing map G are defined below, 
and we shall prove that P, S, G are uniformly bounded with respect to 8 — * 0. 
We shall also prove that T$ is an approximate right inverse for Dq s ^, i.e. 

\\D Gt «S)T S Ti-ri\\ s < ^\\v\\s (72) 

for S sufficiently small and 77 g L P (R x S 1 , G s (w)*TW; g s {s)dsd6). This im- 
plies that Dq s ^Ts is invertible (with the norm of its inverse bounded by 2), 
and Ts(Dq s ^)Ts)~ 1 is a right inverse for Dc s ^y Since P,S,G are uniformly 
bounded, the norm of Ts(Dc s ^Ts)~ 1 is bounded by a constant multiple of 
hence is uniformly bounded and the conclusion of the Proposition fol- 
lows. 

For every L > we fix a smooth function 

H ■■ « -> [o, 1] 

which vanishes for s < 0, which is constant equal to 1 for s > L and whose 
derivative is bounded by 2/L. We moreover require that, for L large enough, 
the function /3l vanishes for s < 1. 
We define the mixing map P. Let 

Pi : L p ' d (w s *TW) ->imD' v j, i = 0, . . . ,m 

be the projection on L p ' d ((u*)*2W) followed by the projection on im_D^ 5 par- 
allel to r)i. Recall the definition (|55|) of ^ for i = 0, . . . , m and let 

q,j : L p ' d {w s *TW) -> imD u s, 

*W(s,6») := y 3 (s,9) 

+ (3i(*-W- ((l-Pi)(xj))(*-^,fl) 

+ (1-A( 4 -Vi))- ((fl- W _i)(a? i _ 1 ))( fl -^_ 1 ,fl) 



Symplectic homology for autonomous Hamiltonians 



58 



for j = 1, ... , m. We define 

P : L p - d (w 5 *TW) -> imZ> s s 

by 

P ■= Vrn + q m + Pm-1 + ■ ■ ■ + Ql + P0- 

The norm of P is uniformly bounded with respect to 6 — > since the norm of 
each pi is uniformly bounded by 1. 

We define now the splitting map 

S(rj) := x = (x m ,y m , . . . ,x ). 
We recall the definition (|58[) of the catenation shifts 

and set 

0) :=/?i(l/tf -«)»/(*, 0). 
x (s, 6>) := /3i(l/(5 + s)r?(s + s„ , 0), 
and, for i = 1, . . . , m — 1, j = 1, . . . , m, 



„ r<i m ._ / (l-j8i(-iZ -*))»/(* + 
Xi(s,6) :■■ 



s < 0, 
s > 0, 



+ ei)/2<J + 3)77(3 + 5^,0), s < 0, 
Pi((Ti + e l )/2S - s)r,{s + s Vi ,6), s > 0. 

It follows from the definition that the norm of S is uniformly bounded by 1. 

We define now the gluing map £ := G(x), x = (x m , y m , x m -i, ■ . . , Xo) <= 
T.^sBs by "slowly interpolating" the components of x. For j = 1, . . . , m, i = 
1 , . . . , m — 1 we put 



CM) 



x m (s,6), -00 < s <l/S-R/2, 

y.j(s- s Uj ,6), s Uj -R/2< s <s Uj +R/2, 

Xi(s-s Vi ,6), s Vt -£i + 3R/2< s < s Vi + ^ - 3R/2, 
x (s—s vo ,8), s Vo — l/8 + R/2< s < +00. 

(73) 

The above formula leaves out two types of intervals, on which the actual inter- 
polation takes place (see Figure O. 

• If s Vj + tj — 3R/2 < s < s u . — R/2 (interval of length R) 7 we define 

C(s,6) —Xji+00,6) 

+ (1-/3r(s- s Vj - lj + R))(xj (s - s„. , 6>) - Xj (+00, 6>)) 

+ (s + s Uj -R))(yj(s -s u .,6)-yj (-00, 0)). 



Symplectic homology for autonomous Hamiltonians 



59 




Vj 

I 1 1 1 1 

R — — 7^ — Ft 




Figure 6: The gluing map G. 

• If s Uj + R/2 < s < s v ._ 1 — £j-! + 3R/2 (interval of length R), we define 

((s,9) := Xj-i(-oo,6) 

+ O- — 0M(-8 + 8 Vj _ 1 ~£j-! + R))(xj-l(s - S^.j , 6) - Xj-x(-OC, 8)) 

+ {l-pn{s- s Uj - R))(y 3 (s - s u . , 9) - Vj (+oo, 9)) . 

The section C is indeed of class W 1,p because 

yj(—oo,6) =Xj(+oo,6), yj(+oo,6) = Xj-i(— oo, ff). 

That the norm of G is uniformly bounded with respect to 5 — -> follows directly 
from the definition ([55)) of the norm on T^sBg, as well as from the definition (|6ip 
of the norm || • || x,<5 ° n dom(Z? ( 3 i5 _(^;)) (see also Remark l4.14p . 

Let us now prove the estimate (|72p. On each of the intervals appearing 
in (|73p we have (D Gs ^Ts , n)(s 1 9) = rj(s, 9) and we are therefore left to examine 
intervals of the type [s Vj + £j — 3i?/2, s Uj — R/2] and [s Uj + R/2, s Vj _ 1 — lj_x + 
3R/2]. We treat only the first case since the second one is entirely similar. 

Upon applying the operator Dc s (s) to £ we obtain five types of terms as 
following. 

• DQ s ^Xj(+oo, 9). Since Xj(+oo,ff) docs not depend on s we can view 
Dgs(w) as a family of operators on S . Then we have 

\\ D G s (iS)Xj(+00,e)\\s = \\(D Gs ^ - D Vj ( +OOt 0))Xj(+OC,9)\\s 

< \\ d g s (S) - D Vj{+00>e) \\ 5 \\xj(+oo,6)\\ 

< C(S)\\ V \\ S . 
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Here PV(+oo,#) denotes the linearized operator at the constant cylinder 
Vj(+oo,6), the norm ||Jj(+oo, 9)\\ is induced from the (1-dimensional) 
space Yl v i an d 

£?(*)-► 0, <S^0. 
This last statement and the last inequality follow from 

\\Dg s (w)—D v ^ +OOi 0)\\s 

< C{\\Vj-Vj{+OO,0)\\ L i, P ,d([{T j +e j )/2S-R/2,{T j +e i )/2S)xS 1 ) 
+ \\Uj-Uj(-00,6)\\ L i,p,d([^ R - R /2]xS 1 )) 

and the fact that the intervals of integration migrate to ±00. The above 
inequality makes crucial use of the fact that the weight g$ on the necks is 
given by the exponential weight of the ambient spaces Bs, B' s . Moreover, 
we have ||xj(+oo, 9)\\ < ||x| < C||77||,5 because Q^, P and S arc uniformly 
bounded with respect to 8. 

• ~P'r/2( s ~ s v 3 — £3 +R)(x]( s - s Vj ,9) —Xj(+oo, 6>)), as well as P' R / 2 {- s + 
s Uj — R))(Jjj(s — s Uj ,0) — yj(— 00, 6)). The <5-norm of each of these two 
terms is bounded by C(<5)||?7||,5, with C(S) — > as 6 — ► 0. To sec this we 
first use that \fl' R / 2 \ < 4/R — > 0, 5 — > 0. Secondly we use that ||xj(s — 
s Vj ,9) - Xj(+oo,0) || < ||x|| < C||t7|| 5 and ||j/,(s - s Uj ,9) - yj(-oo,6)\\ < 

\m<c\\ v \\ s . 

• (1 - Pr/2(s - Svj - tj + R))D Gs ^(xj(s - s Vj ,9) - Xj(+oc,9)) and (1 - 
l3 R /2(-s+s U] -R))D Gs{iS] (y :j (s-s U] ,9)~y : j(-oo 1 9)). The parts involving 
Xj(+oo,6) = yj(—oo,9) are bounded by C(<5)||f7||,5 as above. On the other 
hand we write 

D Gs(w)Xj = ( D G 5 (w) - Dfiti)Xj + DfiSXj 

and similarly for Dc s ^)yj- The first term of such a sum is bounded by 
C(8)\\rj\\ s as above, with C(S) -> 0, 5 -> 0. We arc left with 

(1 - pR/i)Dw*Xj{s - s Vj ,6) + (1 - P R / 2 )D%6yj(s - s Uj ,ff) 

= ((PoS)„.r,)( s - s ,0) + ((PoS)„^)(s- Sll ^) = v . 

Here we denote by (P o S) Vj , (P o S) Uj the components of P o S in 
LP' d (vfTW) and L p ' d (u 5 *TW) respectively. The first equality uses the 
fact that 1 — /3 R /2 = 1 on the support of (Po S) Vj rj and on the support of 
(P o S) u .r], as well as D^s o Q^s = 1. 

As a conclusion we have 

Pcm^t? - 7 ? || 5 < C(S)\\ V \\ S , C(S) 0, <5 0, 
and the estimate (|72)l holds for 5 small enough. □ 
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We shall use the following quantitative form of the implicit function theorem 
from McDuff and Salamon [2TJ A.3.4]. 

Theorem 4.19. Let X and Y be Banach spaces, U C X be an open set, and 
f : U — > Y be a continuously differentiable map. Let xq G U be such that 
D := df(xo) : X — > Y is surjective and has a bounded right inverse Q : Y — > X . 
Choose positive constants e and c such that \\Q\\ < c, B e (xq) C U, and 

\\x-x \\<e => \\df(x) -D\\ < l/2c. (74) 
Then, for any X\ G X satisfying 

\\f{ Xl )\\ < e/Ac, \\ Xl -xo\\<e/8, (75) 
there exists a unique x £ X such that 

f{x) = 0, x — x\ <S imQ, ||x — xq\\ < e. (76) 
Moreover, \\x — x\\\ < 2c||/(a;i)||. 

The above theorem will be used within the following setup. Consider an 
element [u] £ M A (p, q; H, {/ 7 }, J) and denote uo := Gs^(u). Given e > we 
denote by B e (0) the ball of radius e centered at in W 1 ' P (R x S 1 , u* a TW; || • \\ 1>s ), 
where || • || lj5 is defined by JBTJ). For C € W 1 *^ x SSugTW; || • || 1>5 ) we write 

m 

C = Ci + X] + )/3( s - + 2R)X H 

3=1 
m 

+ X^^ 5 - )/?(-» + + 2R ) X H 
3=1 
rn — 1 

+ X] K ^( s - s ^ + 4 - 2R)l3(-s + s Vi + it - 2R)(u{- - s Vf , •) 

with £i = R + (Ti + e-i)/2S and Cm the generator of ker D Vi whose value at is 
the vector field Xh along 7^. Then 

m m— 1 

IICIIm = HCiIUm^,-) + + 1^1) + X] 

3=1 i=l 

We denote 

m 

C := Ci+5Z (Ki/S(-s+s % .)/3(s-s^+2i?)Xjj+K^(s-s u J^(-s+s % .+2i?)X i? ), 

3=1 

so that C( s uii') is i 2 -orthogonal to Ci,a(0i ")• For cacn i = 1, ...,Tn — 1 we 
consider the smooth cutoff function 

:= I3(s - s Vi + U - 2R)(3{-s + s Vi + £ t - 2R), 
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so that pi,s,e vanishes outside [s Vi — *^ £i , s Vi + r ' 2 "^ £i ] and pi,s,i = 1 on the 
interval [s Vi - + 1, s Vi + -^jp- - 1]. 
We define (p C (u ) : R x S 1 -> by 

. f "o(s, 5), s Uj . - R < s < s Uj + R, 

^ (U0)M:= ( ^ wW(H («o(-,-))W, ^-^<-<-« + ^. 

Note that the last formula can also be written in the chart z) around S li as 
i? o (pq(uo)(s,0) = -t)o . (uo(s, 0)) + 0. Given a vector field £ along uo we 

define the vector field <^*£ along </?f(ito) by 

_ / e(s ' s U] -R<s< s Uj + R, 

<PC*tM :- j ^ (a)rei >o)£(M), Sui _ 2^ < s < , S , U! + Sga. 

We define a map 

$ : 5,(0) - B S = Bl^^^A-H^^}) (77) 

b y 

$(C) := ex P(/ , c(uo) (^C)- 

Since Pi j( 5,e is precisely the coefficient of Q s in our splitting for f , it follows that 
d<i>(0) = Id. Hence, for e > small enough the map $ is a diffeomorphism onto 
its image, i.e. a chart. 

We denote X := W 1 ' P (R x S 1 ,u%TW;\\ ■ ||m), U := B e (0) C X, Y := 
L P (R x S 1 , UQTW;gs,edsd6), x = 0. For e > small enough the Banach 
bundle £ B$ can be trivialized over the image of $ as B e (Q) x V, and we 
denote by / : B £ (0) — > V the section djj s ,j o $ read in this trivialization. Then 
df(0) = D Uo is surjcctivc and has a right inverse Q$ whose 5-norm is uniformly 
bounded with respect to 6 — > by Proposition ^. 181 In order for the hypotheses 
of Theorem 14. 191 to be satisfied wc need to check that (l74l) holds. 



Lemma 4.20. There exists a constant C > independent of S such that, for 
all x £ B £ (0), we have 

\\df(x)-df(0)\\<C\\x\\ 1 . s . 

Remark 4.21. The motivation for introducing the chart $ is that we must 
use the "compensated" norm || • ||i .5. The lemma would fail if one used the 
usual exponential chart C ^ ex P Uo (C) instead of <!>, because the estimate for the 
expression (|82p in the proof below would not hold. 



Proof. We need to prove the existence of a uniform constant C > such that 
\\D(8 Hs ,j o • c - D(d Hs ,j o 4>)(0) • CIU < CIMImIICIIm (78) 
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for all C € X. We recall the decomposition £ = £ + X^™^ 1 K iPi,6,e&,8i which 
satisfies ||C||i,5 = ICIIm + Si™! 1 It is therefore enough to prove ([75]) sep- 
arately for C ~ C and for C = Pi.s.eCi.S; i — lj ■ ■ ■ ,tti — 1. Wc abbreviate in the 
following computations <9 = &h s .j- 

We first assume C = pi,S,eCi,S- Given x = x + Y^jLi K jPj,s,iCj,s we have 



L»(9o$)(x)C-£)(9o$)(0)C 



m — 1 



= D(So$)(x)C- J D(5o$)(^« J/0ii5j ^ )5 )C (79) 

m — 1 

+d(Bo ^Pj,s,eCj,s)C - D(ao$)(o)c. (so) 



3=1 

The term (f?9")) is further equal to 



d 



t=o d{e>q> 9x+tduo) (<p x+ tc*x)) - - f _ n 9(exp Vx+tc(uo) (0)) 
= D, 



t=o 



cxp 



' ^1 exp Vx(Mo) (^*x) • /3i,5,eV/ Ti (^ x (wo)) 

- A^( M0 ) • £>i exp Vx(uo) (0) • Pi,g,eV f^(<p x (u )) 
= DexP^uoliVvZ) ' D 2exp^ ( „ o) (<£ x *£) • V t <Px+tc*x (81) 
+ ^cx P ^ ( „ 0) ( Vx ,£) • (D ie xp V!c{uo) (v x *x) - T ■ D 1 ex Pipx{uo) (0)) 

■/Oi,«,eV/ 7i (^a:(uo)) 

~t~ (-^cxp ( un )(^j;*5:) •^-^(uo)) -Aexp^^^O) ■p i ,*,eV/ rt (^ !E («o))- 

Here T is the parallel transport in W along the geodesic t i— ► exp^^^r^*:?), 

r 6 [0, 1], and we have p%,s,t^f'y i (<Px(uo)) = Pi,5,eVPpi%,tKi)*Qi,s- 
We study the first term in l|8ip . Wc have pointwisc bounds 



\V t <Px+tc*x\ < C(l + |«i|)|z|, 

|VV t ^ +tc ^| < C(l + |«i|)(|x| + |V2f|) 
for some universal constant C > 0. In particular 

W^t^x+tC*x\\w^P(g 5 -) < Cp||i,5 

if |«,-| < ||a;||i,i < e, with C > a universal constant. On the other hand the 
operators D 2 exp lpx(uo) (<p x *x) : W 1 ^(g s ^) -> W^fe) and -D O x P ^ ( „ 0) (^,£) : 
— > L p (g5,e) are uniformly bounded if ||a;||oo < C|W|i,<5 < (we use 
here the Sobolev inequality). This implies that the <5-norm of the first term 
in (|81|) is bounded by a constant multiple of |2?||i.<5. 

We now study the second term in (|B"Tj) . Let ||| • ||| be the operator norm for 
continuous linear maps 

W x *{ip x {u )*TW; || • || M ) -> W l ' p {e^^ {uo) {ip x *xyTW ]g s,-edsde). 
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We claim that exp^^^x) - T • D 1 ex Pipx(uo) (0)||| < C||x||i j<5 for some 

uniform constant C > 0, provided ||x||i,5 < s. Indeed, since the metric on W 

varies smoothly, for any £ = £ + YleLi K iPi,s,i^ ft e (<Px(uo)) we have pointwise 
bounds 

ICAexp^^^x) -T-Aexp^^fO))!] < C|x||£|, 
(Vpiexp^^j^xl-T-Diexp^^WXl < C(|Vz||£j + |z||V£j), 

CX Py x (u )('' 9:z: *' Z ') ^" ' ^ CX P¥>x( u o) (®))P£,8,eV fj e {.fx ( u o)) | ^ CI^Ij 

|V(Di cxp v ^ Uo) (^ x ^)~T-D 1 cxp vAuo) (0))p e j,-e^f le ('Px{uo))\ < C(|x| + |Vx|). 

The claim then follows by integration with respect to the weight gs,i and by 
using the Sobolev inequalities ||x||l°° < C|| 1^5 and < C||£||i,i5- On the 

other hand, as already seen above, the operator -D xp v (u acting from 

the space W 1,p (gs^) to L p (gg^) is uniformly bounded for ||x||i j( s < e, since its 
coefficients are bounded. We infer that the 5-norm of the second term in (|81[) 
is bounded by a constant multiple of ||x||i j. 

We finally study the third term in (f5Tj) . We claim that ||-D exp , u ' 
T — D^r^A < C|| 1,5 for some uniform constant C > 0, provided ||a;||i,a < £■ 
This follows from the pointwise bounds 

\( d "xp*.m<.v>~3) ■ r - D vAuo) )t\ < c\xm + |vij), 

|Poxp^ ( „ o) ( y „2) ■ T '-- D v«(tto))^.«,eV/ 7< (¥> a! (wo))| < C\x\ 

by integrating with respect to the weight gs t i and by using the previous Sobolev 
inequalities. Since D\ exp^/^x (0) = Id, we infer that the 5-norm of the third 
term in (|8Tj) is bounded by a constant multiple of |x||i,a- 

As a conclusion, the 5-norm of the expression in (|79[) is bounded by a con- 
stant multiple of ||x||i j( 5. 



We now consider the expression in (|80j) . which can be written as 



D(8 o $)(K iPi>5re Q >5 )( - D{d o $)(0)C (82) 

= 4 9(<^ KiC+tc (u )) - -77 d((p K (u Q j) 
dt t=o at t=o 

d 



dt 



d(u (- + (Ki + t)p it s t e, •)) - 17 9(u (- + tp it s,e, ')) 



t=0 OE 



t=0 



25 ' ° v * 



Each term in the above difference is supported in the intervals [s Vi 

Ti Jg ei + 1] and [s Vi + Ti 2s €i ~ 1> s «i + ^^IT' ] ■ Moreover, their difference is pointwise 
bounded by C|«j| for some uniform constant C > 0. Since the weight g^-g is 
uniformly bounded on the above intervals of length 1, we infer that the <5-norm 
of the expression in (|80j) is bounded by C|/Cj|, hence by CHxHi^ for some uniform 
constant C > 0. 
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We now assume C = C and we again decompose D(Bo 4>)(x)£ — D(do $)(0)C 
as the sum of the expressions in (|79|) and (|80f . 
The expression in (|7S|) can be written 



dt 



- D v *{u ) ■ A>exp^ (llo) (0) ■ ip x *( 

= D ex P ^ ( „ 0) ( v »»x) ■ {D 2 cyLV vAuo) {ip x *x) - T • D 2 exp^ ( „ o) (0)) • (p x *( 

+ ( D «*p VB ^ o) (.v..3i •' r - £, v»(«o)) • Ajexp^^O) • 93 a *C (83) 

Here T denotes the same parallel transport map as above. 

We claim that the <5-norm of the first term in the expression ([83)1 is bounded 
by C||x||i,,5||£||i,<5 when ||x||i,5 < e, for some uniform constant C > 0. We have 
the pointwise estimates 

m — 1 



|^*CI<c(i + ^K-|)|c|, 



771 — 1 

iv^ci<^(i+Ei^i)(ici + ivci), 

which imply ||<Pa;*C||vK 1 'P(g5-) ^ C|ICIIi,5 f° r some uniform constant C > 0, 
provided ||x||i a < e. On the other hand, the pointwise estimates 

\(D2exp ipa(uo) (tp x »x) -T ■D 2 exp Va ( Uo) (0))Z\ < C|x||£|, 

|Vp 2 exp^ (uo) (^x) - T ■ £> 2 cxp Vx(uo) (0))£| < C(|Vx||£| + |x||V£|) 

show that the norm of the operator D 2 exp^r^^^x) — T • D 2 exp^, /^(O) 
acting from W^Om,?) to itself is bounded by C||x||i l( 5. Finally, we have already 
seen that the operator D cxp ^ } (<p x ,x) acting between W 1,p (gs y e) and L p (gs t t) 
is uniformly bounded, and the claim follows. 

We now claim that the (S-norm of the second term in the expression (I83p 
is also bounded by C|| 5;|| i,<5|| Cll i,5 when ||x||i,<5 < e, for some uniform constant 
C > 0. We have the pointwise estimate 

which implies that the norm of the operator D exp ^ (u ^(tp x *x) — -C^ ;i (m ) acting 

from W 1 ' p (gs,e) to L p (gs.e) is bounded by C||x||i i( 5 for some uniform constant 

C > 0. Since ||Vx*Cl|wi.p(a 4 , T ) ^ ^IICIIm and D 2 exp^^O) = Id, the claim 
follows. 
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We finally study the term ([50")) in the decomposition of D(do&)(x)C — D(d< 
$)(0)C, which can be written 



d_ 

dt 



t=o 



t=0 



= ^(uo) ■ £>2Cx P¥ , x(tlo) (0) • (fi x *(- D UQ ■ L> 2 cxp uo (0) ■ C 
= f^( Uo ) • - -Duo ' C- 

This last expression is pointwise bounded by CQ^j=i |Kj|)(|C| + I^CDj which 

implies that its 5-norm is bounded by C| | a^||i,<5||Clli,<5 f° r some uniform constant 
C > 0. 

This proves the lemma. □ 

Proposition 4.22. Let [u] £ A4 A (p, g; H, {/ 7 }, J). There exists S± > cmd a 
one-parameter family [us] £ ■M. A ( 7 y p ,7 q > Hg, J), < 5 < Si such that 

[««]-► [u], <5^0. 

i/ere convergence is understood in the sense of Definition \4-%\ Moreover, if 



dim A4 A (p 7 q; H, J) = i/ien i/ie intermediate gradient fragments in [u] 
are nonconstant and the above one-parameter family is unique. 

Remark 4.23. The fact that the intermediate gradient fragments in [u] are 
nonconstant is the reason why we had to prove the gluing theorem only in the 
case where the intermediate lengths of gradient trajectories are strictly positive: 
Ti > 0, i = 1, . . . ,m — 1, where m is the number of sublevels in [u]. 

Proof. We choose a representative u = (c TO , u m , . . . , u\, co) of [u] and we apply 
Theorem 14.191 in a chart of Bs as above. By Proposition 14.181 the operator D 
admits a right inverse Qs which is uniformly bounded with respect to S by 
some constant c. By Lemma 14.201 there exists e > independent of S such that 
condition ([74)) is satisfied. We set x :— Gg(u). By Proposition 14. 151 we have 

hm || =0 

o — >u 

and therefore condition ([75]) is satisfied on some open neighbourhood of xq if S 
is small enough. Taking x\ := xq in the statement of Theorem 14.191 provides us 
with an element x £ X satisfying ([76]) . We set 

us := x. 

Then [u s ] £ M A (j p , 7^; Hg, J). Because \\x - x \\ < 2c||/(x )| -> and x = 
Gg(u) — > u by construction, we infer by Proposition ^. 161 that [us] — ► [u], S — > 0. 

We now assume that the dimension of A4 A (p, q; H, {/ 7 }, J) is zero. We have 

dimM A (%, lg ;H s , J) = 

= u(%)-u.( lg ) + 2{c 1 (TW),A)-l 

= M7) - M(7) + 2{ Cl (TW), A)-l + md(p) - md{q), 
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hence fj,(j) — ^(7) + 2{c\(TW), A) = 1 -ind(p) + ind(g) < 2. On the other hand 
Kl) - Kl) + 2(d(TW),A) = YZiKli) - M(7i-i) + 2(c 1 (TW),A l ), where 
m > is the number of sublevcls of u. Each of the summands is nonncgative 
by transversality, and the only possibilities occuring are the following: 

(i) each summand is zero, which means that all the Floer trajectories involved 
in u are rigid; 

(ii) one of the summands is 1 and the others vanish. Since [u] is rigid, the 
only nonrigid summand must be uq or u m , while Co, respectively c m have 
to be constant.; 

(iii) two of the summands are 1, and the others vanish. As above, the nonrigid 
summands must be uo and u m , while Co and c m are constant; 

(iv) one of the summands is 2 and the others vanish. Since [u] is rigid we must 
have m = 1 and Co, c\ have to be constant. 

In each of the cases (i— iii) the intermediate gradient trajectories have to be 
nonconstant by transversality of the evaluation maps ()34D . 

Let now [vg] — > [u], 5 — > 0. Since the only possible intermediate gradient 
trajectory in [u] is nonconstant, we can apply Proposition 14.161 We obtain 
representatives vg G pV], v G [u] and functions e = e(5) = (e±(6), . . . , e m -i(<5)) 
such that vg, Gs^(y) belong to some || • || 1.5,5 -chart in Bg and 

H-G^(v)|| M> e^0, S^O. (84) 

We have to prove that ug and vg differ by ajshift for 6 > sufficiently small. 

Let us choose a continuous path v t £ M A (p,q;H,{fj},J), t e [0,1] with 
v = u, vi = v. We denote y t = y t (S) := G s ,te(vt) and || • || t := || • ||i, 5;t e- Note 
that, for each 8 > 0, there exists a continuous function Cg : [0, 1] x [0, 1] — > R + 
such that 

c^\\-\U'<\\-h<c s (t,t')\\-\\ t ,, t,f g[o,i] 

satisfying C$(t,t) = 1, t € [0, 1]. 

As yt(S) and D yt (g) vary continuously with t and 6, we can choose e > and 
c > so that the hypotheses of the implicit function theorem 14.191 are satisfied 
for each yt(S), t € [0, 1], < S < Si and some suitable constant 5i > 0. After 
further shrinking 5i we can also assume that ||/(yt)||t < e/4c for all t £ [0, 1] 
and < 6 < 6±. Finally, in view of ([M]) . for some smaller 5i we can achieve 
\\v S -yi(6)\\i<e. 

We define 



Ig:={te [0,1] : 3xG [vg], ||x - y t (S)\\ t < e}, < S < S v 

We prove that Ig = [0, 1] by showing that it is a nonempty open and closed 
subset of [0, 1]. Note that Ig is nonempty since 1 S Ig. We prove now that Ig 
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is closed. Assume that t n G Ig is such that t„ — > t. Let x n G be such that 
\\ x n — yt n {S)\\t„ < £• By the triangular inequality we see that \\x n — yt(5)\\t stays 
bounded, hence the sequence of shifts defining x n is also bounded and, up to a 
subsequence, we may assume that x n — > x G [wj]. Then 

\W-Vt<Mt < C s (t,t n )\\x n -y t (5)\\ tn 

< C s (t,t n )(\\x n - y tn (S)\\t n + UAS) ~ y t (S)\\ tn ) 

< C s (t,t n )(s+\\yt n (5)-y t (S)\\ tn ). 

We pass to the limit n — > oo and obtain \\x — yt{S)\\t < £, hence i € -Z5. We prove 
now that -Z5 is open. Let t £ Ig and choose an open interval J containing f such 
that Cg(t',t) < 2 and \\y t ,(5)~y t {5)\\ t < s/8 for all t' G J. Theorem EH applied 
to xo := yt(<5) an d xi := yt'(S) yields x such that f(x) = and \\x — yt(S)\\t < e. 
The uniqueness statement in the implicit function theorem ensures that the 
intersection of the space of solutions with the || • ||t-ball of radius e centered 
at xo is a graph over ker D. Since dimker D = 1 and since translation in 
the s-variable already provides a 1-parameter family of solutions, we infer that 
x E [vg]. Moreover, the last statement in Theorcm l4. 191 gives \\x— yt'{5)\\t < e/2. 
Then \\x — y t '(S)\\ t ' < Cs(t' ,t)e/2 < e, so that t' G Is and Is is open. 

The upshot is that there exists x G [vg] such that \\x— yo(d)\\o < e, < 6 < Si. 
But yo (<5) = Gs(u) and, again by the uniqueness statement in the implicit 
function theorem, we get that x and us differ by a shift. Hence [us] = [vg]- D 

Proof of Theorem 13.71 We first prove (i) and show the existence of Si . As- 
sume by contradiction that there exists a sequence S n — > and Floer trajec- 
tories v n G Ai A ( 7 y p , 7 ; Hg n , J) such that J is not regular for v n . By Propo- 
sition 14.71 we may assume, up to shifting and passing to a subsequence, that 
v„ — ► u G M A (p, q; H, {/ 7 }, J). As seen in the proof of Proposition 14.221 the 
limit u has nonconstant intermediate gradient trajectories since J is regular for 
u. We can therefore apply Proposition 14.161 and get parameters e™ and vector 
fields ( n such that v n = exp G ^ _„( u )(Cn) and ||Cn||i,<5„,£" — * 0. By Proposi- 
tion r?TT51 the operator D Gs _„( u ) is surjective and admits a right inverse which 
is uniformly bounded with respect to 5. We infer that the operator D Vn is also 
surjective for n large enough, a contradiction. 

Let us prove (ii). Let (S, vg) G g^ilp,!^: H 7 {fj} 7 J) and let 1(5) c]0, Si[ 
be a small relatively compact open interval containing S. Since the norms || • || 1,5' 
are equivalent for 8' G 1(5), the space Bi(g) '■= U<5'e/(<5){^'} x &6' is a Banach 
manifold. Similarly, there is a Banach vector bundle £i(g) —* Bi{5) endowed with 
an obvious section Bh i{S) ,j whose restriction to Bg> is Bh s ,,j- The restriction 
of its linearization D(g^ Vs ) at (5,vg) to T Vs Bg is the surjective operator D Vs 
of index 1, hence D^g^ v ^ is surjective and has index 2. Therefore ker D^g^ vs ^ 
projects surjectively onto TgI(S) = R and the projection in (ii) is a submersion. 
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We now prove (iii). Let us note that, by Proposition 14. 22[ we have a map 

M A (p,q;H,{f 7 },J) - 7ro(A4 5l[ (7 J ,,7 p ;#,{/7}:J)), 

[u] » C [u] := (J [«(])}, 
«e]o,«i[ 

where [uj] is the uniquely defined one-parameter family of Proposition 3221 such 
that [us] — > [u]. This map is injective because the limit of such a family [us] 
as S — ► is unique. In order to prove surjectivity, let C = {(5, [vs])} be a 
connected component of .Mj^ 5l [(7 p , 7 p ; {/ 7 }, </)■ By Proposition 14.71 there 

exists a sequence S n — > and [u] € g; if, {/ 7 }, J) such that [vg n ] — > [u]. 

By the uniqueness statement in Proposition 14.221 we get that C = Cr u i. □ 

4.4 Coherent orientations 

The structure of this section is as follows. We first present the construction 
of coherent orientations in the usual Floer setting for (Hs, J) by adopting the 
point of view of [5] . We construct coherent orientations on the moduli spaces of 
Morse-Bott trajectories, out of which we get orientations on the space of Morse- 
Bott trajectories with gradient fragments. Finally, we prove Proposition 13.91 

We denote S 1 := R/Z and, for a path of symmetric matrices S : S 1 — > 
M2 n (R), we denote by ^>s the unique solution of the Cauchy problem 

*(0) = J S(P)Hf(6), tt(0) = l, Oe[0,l], (85) 

where Jo is the standard complex structure on R 2n . Then ^5 is a path of 
symplectic matrices and we denote 

S := {S : S 1 -> M 2n (R) : *S = S and det(l - *s(l)) 7^ 0}. 

Let us denote by E a symplectic vector bundle of rank 2n over CP 1 , or 
R x 5 1 , or C, with fixed trivializations in neighbourhoods of infinity in the case 
oflxS" 1 and C. We denote by 

0(CP\E) 

the space of linear operators D : W 1 - P (CP 1 ,E) -> LP (CP 1 , A ' 1 E) of the form 
(d x + Jody + S(z))dz in a local trivialization of E, where z = x + iy is a local 
coordinate on CP 1 . Given S, S_ £ S we denote by 

e>(R x S\E;S,S) 

the space of linear operators D : W 1,P (M. x S\E) -> I^(R x 5 1 , A oa P) of the 
form (9 S + Jode + S(s,6))(ds — id&) in a local trivialization of E, such that 
linis^-oo S(s, ■) = S and limg-joo iS(s, •) = S_ in the given trivializations of P. 
Given So £ 5 we denote by 

O±(C,P;5 ) 



Symplectic homology for autonomous Hamiltonians 70 




©(cp 1 ) o+ e>_ o(r x s 1 ) 

Figure 7: The four possibilities of gluing (O = 0(R x S 1 )). 



the space of linear operators D : W l ' p {<£, E) -> D> (C, A ' 1 ^) of the form (9 a + 
■/o^y + S{z))dz in a local trivialization of E and such that, when expressed in 
holomorphic cylindrical coordinates (s,9) with e ± 27r O+ l9 ) = z as (d s + Jodg + 
S(s,9))(ds — id6), we have lim^-too S(s, 9) = Sq{9) in the given trivialization 
of E. Intuitively, the space 0+ corresponds to the sphere with one positive 
puncture, while O- corresponds to the sphere with one negative puncture. 

It is a standard fact in the literature that each of the above spaces O is 
contractible and consists of Fredholm operators. Moreover, they each come 
equipped with a canonical real line bundle Dct(O) whose fiber at D is Det(-D) := 
(A max ker D) <g> (A max cokcr£>)*. Each of the bundles Det(O) is trivial since the 
base is contractible. 

We now define gluing operations between elements of the above spaces (see 
Figure [3). Let K G O + (C,E;S ) or K e C(R x S\ E- S, S Q ), and L g 
O-(C,F\S ) or L e 0(R x S 1 ,F;S ,S). Let us choose a cutoff function 
(3 : R -> [0,1] such that /3(s) = if s < and (3(s) = 1 if s > 1. Given 
R > large we define operators Kr and Lr by replacing S in the asymptotic 
expressions of K and L by Sq+{3(R— s)(S— Sq) and S , o+/3(i?+s)(S'— So) respec- 
tively. We cut out semi-infinite cylinders {s > R} from the base of E, {s < — R} 
from the base of F, then identify their boundaries using the coordinate 9. We 
glue the vector bundles E and F using their given trivializations near infinity 
and denote the resulting vector bundle by E#F. We define K# R L by concate- 
nating Kr and Lr, so that K#rL belongs to one of the spaces ©(CP 1 , E#F), 
0+{<C,E#F-S), G-(C,E#F;S), or 0(R x S 1 , E#F;S, S). 

Following Corollary 7], for R large enough there is a natural isomor- 
phism Det(if) ®Det(L) — > Det(K#RL) defined up to homotopy. In particular, 
given orientations ok of Det(K) and ol of Det(L), we induce a canonical ori- 
entation oa'#ol of Dct(K^RL). Moreover, this operation on orientations is 
associative [131 Theorem 10]. 

We describe now, following [5] , a procedure for constructing orientations on 
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the spaces 0(R x S^-E^S, S_) which are coherent with respect to the gluing 
operation, in the sense of [13l Definition 11]. We denote by 8 n a trivial sym- 
plectic vector bundle of rank 2n. We first note that each determinant bundle 
Dct(C(CP 1 , E)) is naturally oriented since (^(CP 1 , E) contains the connected 
space of complex linear operators and the latter have kernels and cokcrncls 
which are canonically oriented as complex vector spaces. We now choose arbi- 
trary orientations of the determinant bundles Det(0 + (C, E; So)) such that the 
trivialization of E at infinity extends to C. 

Remark 4.24. Note that, if Sq commutes with J , the set of C-linear operators 
in C+(C, E; S ) forms a nonempty convex set, hence Det(C + (C, E; S )) has a 
canonical orientation. 

We induce orientations on the determinant bundles Det(C_(C, E; So)) such that 
the trivialization of E at infinity extends to C by requiring that the orientation 
induced by gluing on Det(C(CP 1 , 6 n )) is the canonical one. Finally, we induce 
orientations on Det(C(Mx S 1 , E; S, S)) by requiring that the orientation induced 
on Dct(O{CP 1 ,0 n #E#0 n )) by the gluing operation 

+ (C,9 n ;S) x 0(R x S\E-S,S) x C»_(C, n ; S) 0(CP\ d n #E#d n ) 

is the canonical one. It is proved in [5] that this defines a system of coherent 
orientations. 

The general procedure for inducing orientations of the spaces of Floer trajec- 
tories A4 A (*f p , 7^; Hg, J) out of a system of coherent orientations goes as follows. 

Let fy p , 2 g denote the linearizations of the Hamiltonian flow of H$ along 7 p , 7^ 

in their fixed respective trivializations and let S p ,S_ q € S be the corresponding 
paths of symmetric matrices as in (|85|). Let E be a symplectic vector bundle 
over RxS 1 with fixed trivializations at infinity and relative first Chern class 
equal to (c\ (TW) 7 A). For each u G M A (j p , 7^; Hs, J) there is an isomorphism 

of symplectic vector bundles <i> u : u*TW E, chosen to depend continuously 
on u. There is a map 

M A (%, lq ;H s ,J)^0(RxS\E;S p ,S q ), u -> $ u o D u o 

where D u has the same analytical expression as the linearized operator D u : 
W l ' p (Rx S\u*TW;e d ^dsd6)eV u ®V u LP{R x S 1 , u*TW; e d ^ds dff) con- 
sidered in Section [4731 Under the^ assumption that J is regular and because of 
elliptic regularity, the operators D u and D u have the same kernel, consisting of 
smooth elements. Hence their determinant lines are naturally isomorphic. It fol- 
lows that the pull-back of Det(O) under the above map is naturally isomorphic 
to A nmx TM = A max ker D u , and we jjet an orientation on M. 

If the dimension is one, the space M. has a canonical orientation given at each 
point u by the vector field d s u. Comparing this with the orientation constructed 
above associates to each connected component [u] of M. a sign e(u). 
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Lemma 4.25. Let Si £ S and define S m (9) := S\(mff). Assume S m £ S and 
define an automorphism <f> m of G+(C, E; S m ) by conjugation with the map z t— > 
e 2m / m z. Then <p m is orientation reversing for Det(0 + (C, E; S m )) if and only if 
m is even and the difference of Conley-Zehnder indices fJ-cz(^ s m ) — f-czi^Si) 
is odd. 

Proof. We start by explaining how <p m acts on the orientations of the deter- 
minant bundle. The operators K £ 0+(C, E; S m ) which are invariant under 
conjugation by <f> m , i.e. K(£o </>,„) o = K(() for all £, form a convex and, in 
particular, connected set. Since </> m acts on ker K and coker if, it also acts on 
Det(iT) and the induced action on orientations extends to Det(C + (C, E; S m )). 

There is a bijective correspondence between operators K\ £ <D + (C, E; Si) 
and operators K £ + (C, E\ S m ) which are invariant under conjugation by <j) m , 
in which case the pull-back of ker K\ under z > z m is the 1-eigenspace of (j> m 
acting on ker K. Since ker K splits as a direct sum of eigenspaces corresponding 
to the m-th roots of unity and since imaginary roots give rise to even-dimensional 
eigenspaces, we infer that the dimension of the — 1-cigcnspace has the parity of 
dim ker K — dim ker K \ . This fact is relevant in our situation since <p m reverses 
the orientation of ker K if and only if this dimension is odd. Similarly, <p m 
reverses the orientation of coker K if and only if dim coker K — dim coker K\ 
is odd. As a conclusion, </>,„ reverses the orientation of Det(K) if and only if 
'md(K) — ind(A'i) = ncz(^s m ) — Mcz( v I / Si) is odd. This can happen of course 
only if —1 is an m-th root of unity, i.e. m is even. □ 

Remark 4.26. The proof of Lemma [425] shows that, if m is odd, the difference 
of Conley-Zehnder indices is automatically even. 

Lemma 4.27. Let S\ G S, define S m (0) := S\(m6) and assume S m £ S. Let 
T £ 0(M. x S 1 , 9 n ; S m , S m ) be an element of the form 

T:=d s + J d e +S m (6-/3(s)/m), 

with P : R — > [0, 1] a smooth function satisfying /3(s) = near -co, (3(s) = 1 
near +oo and with derivative uniformly bounded by some small constant c. We 
denote by O one of the spaces 0+(C,E;S m ) or C(R x S^,E' 7 S,S m ), S £ S. 
The family ip = {ipn}, R > of automorphisms of O defined by 

ipn(D) := D# R T 

induces an action on the orientations o/Det(C) which is reversing if and only if 
m is even and the difference of Conley-Zehnder indices Hcz(^s m ) — ^cz(^Si) 
is odd. 

Proof. Note that T is an isomorphism if c is small enough, by the same argument 
as the one for D" in the proof of Proposition 14.91 

We now explain what is the action of ip on the orientations of Det(O). 
Let D £ O and let V c LP be a finite dimensional vector space spanned by 
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smooth sections with compact support, such that V + imD = LP . We define 
the stabilization of D by V as 



Then D is a surjective Frcdholm operator and there is a canonical isomorphism 
Det(-D) ~ A max ker D v ® A max V* . For R large enough the glued operator 
Dn = D v #rT : V © W 1 ^ — > i p is surjective with a uniformly bounded right 
inverse Qr, and moreover the projection onto ker Dr given by 11 — QrDr is 
an isomorphism when restricted to ker D v (see Corollary 6], as well as [13l 
Proposition 9] for a slightly different setup). Since D V # R T = (D# R T) V , this 
induces a natural isomorphism between Det(D) and Det(^R (£))). 

The gluing of orientations is associative, hence it is enough to prove the 
statement for O = 0+(C, 9 n ', S m ). We claim that the action induced by ip is 
the same as the one induced by 4> m in Lemma [4.25L Let us choose D £ O which 
is s-independent for s large enough, and let D v be a surjective stabilization. 
We construct a continuous path in O from iI>r(L) v ) '■= iPr(D) v to (f> m (D v ) := 
4>m{D) v as follows. Let be the conjugation of D v by r t : C — > C, z i— > 
e -2i7rt/m Z) and let Tt be thc opcrator ^ + j o9e + Sm (g _( t+ (i_ t )[3(s))/m). 

Then '# R Tt interpolates between iPr(D v ) and 4> m {D v ) as £ varies from to 
1. This is a path of surjective operators admitting a continuous family of right 
inverses Qt- Given a basis (Ci, ■ ■ ■ , Cfc) of ker D v , a basis of ker DY is given by 
(Ci, . . . , Cfc) ° ft- By projecting along imQ t we obtain a basis of ker D\ '# R Tt. 
For t = 1, since = DY#rT u the elements Ci 

o n are preserved by the 

projection and form a basis of cf>^ n 1 (D v ) which is exactly the one giving the 
action of (f)^ 1 (or <p m ) on orientations, as explained in Lemma l4.25l □ 

Lemma 4.28. Let 7 € V^ a and j p , j q be the orbits corresponding to the 
minimum p and maximum q of / 7 respectively. For 5 > small enough, the 
moduli space A4 A ( / j p , j q ; Hs, J) is empty if A ^ 0, while for A = it consists 
of exactly two elements u\ , 112 corresponding to the two gradient trajectories of 
f 1 running from p to q. Moreover, they satisfy 



Proof. Let ci, C2 be the gradient trajectories of / 7 running from p to q. By 
Theorem 13.71 for S > small enough each element [us] G M A (-f p ,-f q ; H$, J) 
corresponds to a unique Floer trajectory with gradient fragments [u] whose 
endpoints are p and q. For energy reasons there can be no nonconstant Floer 
trajectory involved in [u] and therefore [u] is either c\ or ci- Since the cylinders 
u\ and U2 of thc form us^-00,+00 associated to c\ and c 2 arc already Floer 
trajectories for Hg, we infer that [us] equals either [u\] or [u 2 ], and the homology 
class A is necessarily zero. Let us introduce the notation 6(7) := 1 if 7 is a good 
orbit and £(7) := —1 if 7 is a bad orbit. The conclusion of the Lemma is 
equivalent to thc relation 



D v : V © W hp -> LP 



H-> V + D(. 




e(ui) 



e(7)e(u 2 ). 



(86) 
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Let us choose a symplectic trivialization $ 7 : TW\s- 1 — ► S 1 x (RxR 2 ™ -1 ) such 
that $ y (Xff) = (1, 0). We assume without loss of generality that ci is a positive 
multiple of X H , so that <& 7 ((9 s Mi) = (/i,0) with /i > and $ 7 (<9 s u 2 ) = (/2,0) 
with f 2 < 0. We denote by D U1 , D U2 the elements of C(R x S 1 , 6 n ; S p , S q ) ob- 
tained by conjugation of D Ul , D U2 with <I> 7 . The main point is to consider the 
operator ip(D Ul ) = D Ui #rT, with T as in Lemma [4.271 A basis of Det(D Ui ) 
corresponding to the coherent orientation is by definition e(x/i)(/i,0), i = 1,2. 
The image of this basis under the action of i/j is given by e{u\){ff , 0), for some 
ff £ W 1>p (l xS',K) with || /f - arbitrarily small with R -> oo, hence 

/i > for i? large enough. By Lemma [4.27[ a basis of T)et{D rT) corre- 
sponding to the coherent orientation is e(j)e(ui)(ff , 0). Finally, the operators 
Dmi^RT and L> U2 can be connected by a continuous path of operators D t , 
t G [0, 1] satisfying properties (ii)-(iv) in the proof of Proposition 14. 91 as well as 
the following weaker form of property (i) therein. 

(i') there exists a smooth path c : R — * 5 7 with c(±oo) being fixed critical 
points of / 7 , such that ||5(s, 9) — S{9 + do c(s) — # o c(— oo))|| is bounded 
by a constant multiple of S. 

The connected components of the set of operators satisfying (i') and (ii)-(iv) 
are indexed by homotopy classes of paths c as above. Gluing D Ul to T has 
precisely the effect of concatenating c\ with (7 g |[o,i/ m ] which is nomotopic 
to C2- The proof of Proposition [479] works the same with the weaker assumption 
(i') and shows that the operators D t are surjective and that ker D t is generated 
by an element of the form (/ t , 0), where f t G M /1 ' P (IR x 5 1 , K) has constant sign 
for t G [0,1]. We conclude that e(ui)e(j)f* and e(u 2 )/2 have the same sign, 
hence (|86|) is proved. □ 

Wc now generalize the construction of coherent orientations to the moduli 
spaces of Morse-Bott trajectories with gradient fragments. We define S to be 
the space of loops of symmetric matrices S : S 1 — » Af2?i(R) such that the 
symplectic matrix x I's(l) defined by ([55]) has exactly one eigenvalue equal to 1, 
corresponding to the eigenspace R©0 C RffiM 2 "" 1 =R 2n . Let (3 : R -» [0, 1] be 
a smooth function equal to near — oo and equal to 1 near +oo. We define V, 
V_ to be the one-dimensional real vector spaces generated by the vector- valued 
functions (1 — /3(s))(l,0) and /3(s)(l,0) respectively. In the following we denote 
by W 1 ^ = W 1 ' p (e d ^dsd6), U>> d = LP(e d ^dsd9). Given S,S G S we denote 

C(R x S\E;S,S) 

the space of linear operators D : W 1 ' p ' d (R x S* 1 , E) V V -> i p ' d (R x 
S* 1 , A°' 1 E) of the form (9 S + J$dg + S(s, 6))(ds — id6) in a local trivialization of 
E, for which there exist 9,6 £ R/Z such that lim^-oo S(s, 9) = S(9 + 9) and 
limg^oo S(s, 9) = 5(0 + 9) in the given trivializations at infinity of E. Given 
So G S, S_ G S we denote by 

O u (M x S\E;S ,S) 
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the space of linear operators 

D : W 1,P (R x S 1 ,E;g+(s)dsd9)®V^L p (R x S 1 ,A°' 1 E;g + (s)dsd6) 

with g+(s) := max(l, e ds ), which are of the form (d s + Jodg + S(s,6))(ds — 
idO) in a local trivialization of E, and for which there exists 9_ G R/Z such 
that lim s ^_oo 3(s, 6) = So(9) and lim^^ S(s, 9) = £[(9 + 9) in the given 
trivializations at infinity of E. Given S G 5, S_ G S we denote by 

6 s (R x S\E;S,S ) 

the space of linear operators 

D : W 1,p (R x S\E;g^{s)dsd9)®V ^ L P (R x S 1 , A ' 1 E; g-(s)ds d9) 

with g~(s) :~ max(l,e _ds ), which are of the form (d s + Jode + S(s,9))(ds — 
id9) in a local trivialization of E, and for which there exists 9 G R/Z such 
that lim s ^_oo S(s, 6) = ~S(9 + 9) and Um^oo S(s, 6) = S (9) in the given 
trivializations at infinity of E. Given 5g5wc denote by 

± (C,E;S) 

the space of linear operators D : W 1 ^^^) ® V± -> L P ^(C, A ^ 1 ^) of the 
form {d x + Jgdy + S(z))dz in a local trivialization of E and such that, when 
expressed in holomorphic cylindrical coordinates (s,9) with e ± 2 *"0+ ie ') — ^ as 
(d s + J de+S(s,6))(ds-id9), there exists 0± G R/Z so that lim s ^ ±oc 5(s,6») = 
S(9 + 9±) in the given trivialization of E near infinity. Here we use the notation 
V+ := V and y_ := V. 

Due to the exponential weights, each of the above spaces O consists of Fred- 
holm operators and comes equipped with a canonical real line bundle Det(O) 
whose fiber at D is Det(D). Unlike in the nondegenerate case, the spaces O 
are not generally contractible, hence we have to investigate the orientability of 
Dct(O). 

Given 5* e S we define m = m(S) to be the maximal positive integer such 
that S(9 + 1/m) = S(9), 9 G K/Z. The number m is infinite if and only if the 
loop S is constant, in which case the spaces C±(C, E; S), O u (K x S X ,E] So, S), 
s (K x 5 1 , E; S, S_q) are contractible. In the following we shall restrict ourselves 
to nonconstant loops S G S, in which case the above spaces have the homotopy 
type of S 1 , while G(R x S 1 , E; S, S) has the homotopy type of S 1 x S 1 (this is 
because they fiber over S , respectively S 1 x S 1 with contractible fibers). We 
denote by Si G S the unique loop such that S(9) — Si(mff). 

Lemma 4.29. Let S G S be nonconstant. Then Det(C±(C, E; S)) is nonori- 
entable if and only if m is even and hrs(S) — fJ-Rs(Si) is odd. 

Proof. We prove the statement only for C + := 0±(C, E; S), the proof of the 
other case being similar. The following two remarks will allow us to apply 
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Lemma T4.25I First, Det(D) is naturally isomorphic to ~Det(D\ w i, P ,d) <E> V+ and 
V+ is a trivial bundle over 0+. Second, the operator D\ w i, P ,d is conjugated to 
an operator D £ C+(C, £7; 5— -I). Hence it is enough to study the orientability 
of the bundle Det(<5 + ) over 0+ with fiber Dct(5). 

The bundle Det(0+) is orientable if and only if its restriction to a loop 
generating 7Ti(0) is orientable. After choosing D £ C + which is invariant 
under conjugation with z i— > e~~ 2 W" 1 ; the conjugation of I? by r t : C — > C, 
z e -2**t/m z p rov ides such a loop D t , t £ [0, 1] with £> = £>i = £>■ The 
orientation on Det(Di) obtained by continuation along the path D t from an 
orientation on Det(-Do) is the same as the one induced by the action of (or 
cf> m ) in Lemma|12S Since u, cz (S - p) = fx RS {S) - 1/2 and » C z(Si - f 1) = 
Hrs(Si) — 1/2, the statement follows from Lemma T4.25I □ 

The same kind of argument gives the following result. 

Lemma 4.30. Let S, S, S_€ S be nonconstant and 5o, 5 £ S. The line bundles 
Dct((5(Rx S\E;S,S)), Dct(O u (R x S\ E; 5 , S)), Det((5 s (R x S\ E; 5, 5 )) 
are nonorientable if and only if the condition in Lemma \-j-29\ holds for S and 
for one of S, 5. □ 

The previous results motivate the following definition. We denote 
5 g ood : = {S £ S : 5 constant or /xrs(5) ~ ^rs(Si) is even}, 

and 

<?bad : = {S £ 5 : S nonconstant and (j,rs{S) — fJiRs(Si) is odd}, 

so that iSbad = & \ £good- Although the determinant lines over the various 
spaces O are nonorientable if one of the asymptotes is in 5bad, we can construct 

covers O of O over which the determinant lines become orientable. Let 5 £ S 

and 5 £ 5bad with 5(0) = 5i(m0), £ R/Z. We define O s (R x S\E;S,S ) to 
consist of pairs (D,6) such that £ R/^Z, D = (d s + J d e + S(s,6))(ds-id0) £ 
O s (R x S' 1 ,£';5,5 ) with lim^-oo S(s,6) = 5(0 + 0). The obvious projection 
is s — > s is a double cover and the lift of the determinant bundle to O s is 
orientable. We define in a completely analogous manner double covers 0± (5) — > 

(5±(5), 5"(5 , 5) -► (5 M (5o, 5), 5 £ 5 ba d and a cover 3(5,5) -» 0(5, 5) which 
is double if exactly one of 5, 5 is in 5bad, and quadruple if both 5, 5 are in 5bad- 

We define now gluing operations between elements of the various spaces 0. 
Let K in 0+(C,E;S), 0(R x 5\£;5,5), or ll (R x S\E;S ,S), and L in 
0-(C,F;S), 0(R x 5\F; 5, 5), or S (R x 5 1 ,^ 1 ;5,5 ). We denote by S K , 
respectively Sl the matrix valued functions involved in K and L near infinity. 
We assume that 



lim Sk(s,-)= I™ S L (s,-) = 5(- + O ) =: 5e, 

s — >+oo s — > — oo 
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for some 80 G R/Z. We choose a cutoff function (3 : R — > [0, 1] such that 
/3(s) = if s < and f3(s) = 1 if s > 1. Given R > large we define 
operators K R and L# by replacing Sk and by Sg + /3(R— s)(Sk — Sg ) and 
Se +P{R+s)(SL~ Sg ) respectively. We cut out semi-infinite cylinders {s > R] 
from the base of E, {s < —R} from the base of F, then identify their boundaries 
using the coordinate 8. We glue the vector bundles E and F using their given 
trivializations near infinity and denote the resulting vector bundle by E^F . We 
define K#rL by concatenating Kr and Lr, so that K#rL belongs to one of 
the spaces ©(CP 1 ), 0+(C;S), + (C;S^), or 0_(R x S 1 ;^), 0(R x S' 1 ;S ? ,5), 
O s (R x S 1 ;^,^), or 0_(C;£ O ), U (R x S ,1 ;5 0)J S), C(R x S^So.^o), where 
we have omitted the symbol E#F from the notation. 

The above gluing operations admit a straightforward extension to the spaces 

O. For example, two elements (K,9) G 5"(So,S), CM) G 3 S (S", S _)_ can be 
glued if = 6, in which case they give rise to an element K#rL G 0{Sq,S J3 ). 

Recall that the domain of an operator D in some O contains a canoni- 
cally oriented 1-dimensional summand for each asymptote in 5, together with 
a canonical isomorphism with R. We denote by Vk, Vl the summands corre- 
sponding to the asymptote S of K and L respectively, and we let V := Vk®mVl 
be their (canonically oriented) fibered sum. By [5J Corollary 6], for R > large 
enough there is a natural isomorphism Det(i^ ©a L) ~ Det(K^RL) defined up 
to homotopy, where K ffi R L is the restriction of K © L to the fibered sum of 
their domains. Since V is canonically oriented, it follows that Det(K ©r L) is 
canonically isomorphic to Det(K © L) ~ Det(i^) © Det(L). Hence we obtain 
a canonical isomorphism Det(i4T) © Det(L) ^ T)et(K#RL) defined up to ho- 
motopy, and inducing an associative gluing operation for orientations. Similar 

considerations apply to the elements of the spaces O. 

Remark 4.31. We can construct a system of coherent orientations on the 
determinant line bundles Det(<9±(C, E; S)) and Det(C(R x S\E;S,S)) with 
S, S,S_ G Sgood by the same procedure as for the spaces O. We can moreover 
extend this to a system of coherent orientations involving all spaces O, O and 

O. Nevertheless, if we want that certain orientations have a geometric meaning, 
we have to impose compatibility conditions which seem ad-hoc in such a general 

setup. This is why we restrict ourselves in the sequel to the spaces O, O and O 
which are relevant for our geometric situation. 

We use now the notations of Section [3J Given 7 6 V{H) we denote by 
^ the linearization of the Hamiltonian flow along 7 given by (j!?Tj) and let 
5 7 : R/Z — > Af 2n (R) be the corresponding loop of symmetric matrices defined 
by 4> 7 = JoSy^y. Then 5 7 € <S goo d if an d only if 7 is a good orbit. We similarly 
define S 7g for each 7, G V(H 5 ), with q G Crit(/ 7 ). For 7 G V(H), 7^ G V{H S ) 

we denote O s (R x S 1 , E; 7, 7^) := O s (R x S 1 ,E;Sy,S- f ) etc. 

Convention. In what follows the spaces O will be understood to be indexed 
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only by good orbits, whereas if one of the asymptotic orbits is bad we use the 

corresponding double or quadruple cover O. 

We construct orientations on the determinant bundles over all spaces O, O, 

O indexed by the elements of V(H) and V{Hs) as follows. We start by choosing 

arbitrary orientations of Det(0+(C, E; 7)), respectively Det(C + (C, E; 7)). 7 G 
'P(H) such that the trivialization of E at infinity extends to C. We then choose 

orientations of Det((5 s (IxS 1 , E; 7, 7,)), respectively Det(£> s (R xS 1 ,^ 7, 7,)), 
7 G V(H), q G Crit(/ 7 ) such that the trivializations of E at infinity extend 
to 1 x S , as follows. If 7 is good, the space S (R x S , n ; 7, j q ) contains 
a distinguished family of operators of the form <I> 7 o D u o $~ , where u = 
u 5,7,-i,oo is the cylinder corresponding to a semi-infinite gradient trajectory 
ending at q and <J> 7 : TW|s — * S 1 x R 2n is a fixed trivialization satisfying 
$ 7 (X ff ) = (1,0) G EffiR 2 " -1 "! This family is naturally parametrized by W s (q) 7 
hence it is connected. As seen in Proposition 14.91 the above Frcdholm operators 
are surjective and have index 1 — ind(g). If the index is zero we choose the 
orientation sign to be +1. If the index is one the kernel is generated by a 
nonvanishing section of the form (/, 0), hence is canonically isomorphic to R©0 
and therefore admits a canonical orientation. If 7 is bad, we choose in an 
arbitrary way a lift of the operator <I> 7 o D u o <J>77 1 , where u = U5 !7 ._i ;00 is the 
cylinder corresponding to a constant semi-infinite gradient trajectory at q. This 
determines a lift of the whole path of operators described above, and hence an 

orientation of Det(O s (R x S 1 , E; 7, j q )) by the previous rule. 

We induce orientations on Det(0+(6>„)) by gluing orientations on the line 
bundles Det(£>+(6>„)) and Det(0 s (0„)). The orientations on Det(0 + (0 n )) and 
Bet(O + {0 n )) determine orientations on Bct{d±(E)) and Det(C ± (£')) by re- 
quiring that the glued orientation on Det(C(CP 1 , E)) is the canonical one. We 
get orientations of Det(C(IR x S 1 ,E)) by requiring that the orientation induced 
on Dct(0(CP 1 ,6'„#£;#6' n )) by the gluing operation 

0+(C, 6 n ; 7) ev x- 0(R x S\ E; 7, 7)^ x^O^ (C, 0„; 7) ©(CP 1 , 9 n #E#9 n ) 

is the canonical one. Here we have denoted by ev, ey the evaluation maps to 
S* 1 at — 00 and +00 respectively. Similarly, we get orientations on Det(0(IR x 
S 1 , E)), Det(d u (M x S 1 , E)) and Det((5 s (R x S\ E)), as well as orientations on 

Dct(O) for the various spaces O. 

Lemma 4.32. The above recipe defines a system of coherent orientations. 
Proof. We have to prove that, given operators K, L that can be glued lying 

in one of the spaces O, O or 0, the coherent orientations ok , ol of Det(K) 
and Det(L) induce an orientation ok#ol that coincides with the coherent ori- 
entation of Det(K#L). In the case when K, L belong to some C(R x S 1 ), 

C(R x S 1 ) or C(R x S 1 ) this means that, for a suitable choice of operators 
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A G 5 + (C,0„), v4 G O + (C,0 n ) or A e G + (C,6 n ), and B G 5_(C,0„), 
i? G 0_(C,0 n ) or B e 0_(C, #„), with 0,4,03 the coherent orientations on 
the respective determinant line bundles, oa#{ok#ol)#ob is the canonical ori- 
entation on Dct(C(CP 1 )). 

Let E and F be the symplectic vector bundles corresponding to K and L 
respectively. If E = 6 n or F = 6 n the conclusion is a direct consequence of the 
definitions and of the associativity of gluing. In the general case E 7^ 9 n and F ^ 
9 n we give the proof when K G O u (RxS 1 ,E;^ p ,j) and L G O'QSLxS 1 ^;^,^ ), 
the other cases being similar. Let us introduce an auxiliary loop of symmetric 
matrices So € S such that [So, Jo] = 0, and we define the orientations on 
Det(C±(C, E'\ So)) to be the canonical ones (see Remark f4.24p . This determines 
in turn orientations on Dct(C"(R x S 1 , E'\ S , S y )), 7 € V{H) by requiring that 
gluing induces the coherent orientation on Det(0+(C, 6 n #E'; 7)). 

Let Ax G C+(C, En S ), Kx G O u (R x 5 1 , 6»„; S , S 7 ) with £a#0„ = 9 n #E. 
By the above definition, we have oax^okx — oa^ok- We obtain 

oa#(oa"#ol)#o b = (oa#ok)#ol#ob = (oa 1 #ok 1 )#ol#ob 

= OA 1 #0 Kl # L #0 B = OA 1 #0 Kl # L # B - 

The operators A\ and Ki^L^B are homotopic to C-lincar operators with 
asymptotic condition So- The main observation now is that the gluing of two 
C-linear operators is again C-linear, hence the gluing of the above orientations 
is the canonical one on Det(C(CP 1 )). □ 

Let 7,7 be good orbits. In this case the procedure for orienting the Morse- 
Bott spaces of Floor trajectories M A (S—,S 7 ;H,J) is entirely similar to the 
corresponding procedure in the nondegenerate case (it is actually simpler since 
we do not need the intermediate transition from L p ' d to L p spaces). Namely, 
we pull back the orientation on Det(O) using the natural map A4 — > O. This 
in turn induces orientations on the quotient spaces M. A (S—,S 1 ]H,J). Recall 
that, given oriented vector spaces V C W, we define an orientation on W/V by 
requiring that the isomorphism V (W/V) ~ W is orientation preserving. 

Since the stable and unstable manifolds of the functions /~ are canoni- 
cally oriented, one gets orientations (i.e. signs) on all zero-dimensional moduli 
spaces of Floer trajectories with gradient fragments A4 A (p, q; H 7 {/ 7 }, J) which 
involve only good orbits. This is done by the following flbered sum rule. 
Let fi : Wi — > W, i = 1,2 be linear maps of oriented vector spaces such that 
/ : W\ © W2 — > W, (wi,W2) 1— > fi{w\) — f-ziwz) is surjective. The orientation 
on the fibered sum W\f 1 ®f 2 W r 2 '■= ker/ is defined such that the isomorphism 

of vector spaces (W\ © M^)/ker/ ^ W induced by / changes orientations by 
the sign (-l) dim w 2 -dim w_ Notc t i iat tllis mlc ig gucn that tnc fib ere( j sum 

operation is associative for oriented vector spaces, and moreover, if fi is an ori- 
entation preserving isomorphism, the natural isomorphism W\ f 1 © / 2 W2 — W\ is 
orientation preserving. Similarly, if fx is an orientation preserving isomorphism, 
the natural isomorphism Wx / x © / 2 W2 — W2 is orientation preserving. 
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The important remark now is that, although the spaces M A (S- 1 S 1 ;H,J) 
with 7 or 7 being a bad orbit may not be orientable, we can nevertheless define 
orientations (i.e. signs) on all zero-dimensional moduli spaces of Floer trajec- 
tories with gradient fragments M A (p, q; H, {/ 7 }, J). The sign of an (isolated) 
point [u] = (c m , [u m ], . . . , ci, [ui], Co) in this moduli space is determined as fol- 
lows. For each operator D Ui , i = 1, . . . , m with at least one bad asymptote we 

choose a lift in the corresponding space C(lx S 1 ). For each Cj, i = 0, ... ,m ly- 
ing on a bad orbit 7» the corresponding operator D Us ^ _ T /2 T /2 admits a unique 

lift to the space 0{S lil S li ) such that it can be glued with both D Ui+1 and D Ui . 
Since all these operators are surjective, the orientations of the determinant line 

bundles over the spaces O and O induce orientations on T Ui M. Ai {S li , S^.J, 
respectively TW u (p), TW s (q) and T( Ci (-T i /2) > T j )0 S 7« X R + ), £ = 1,. ..,m - 1. 
By the fibered sum rule we get an orientation on T u M A (p, q; H, {/ 7 }, J) which 
we call "the coherent orientation" . On the other hand this vector space carries 
the "geometric orientation" of the basis {d s u mi . . . , d s u\). We define the sign 

e(u)=e([u]) (87) 

to be +1 if these two orientations coincide, and —1 if they are different. 

We now want to compare the signs e(u) with the signs e(us) of the glued 
trajectories us corresponding to u. The situation is expressed by the follow- 
ing diagram, in which we dropped the decorations A, (H, {/ 7 }, J) and (Hg, J) 
and in which we have indicated on the morphism arrows the way in which the 
corresponding isomorphisms of vector spaces act on orientations. 



Coherent 
orientation 



Geometric 
orientation 

Os«m a slll > 



■TM( P ,q)^-+TM( lp , lq ) 



id 



e (u) 

TM(p,q) 



id 



pm—l 



Coherent 
orientation 



Geometric 
orientation 



The map <fi is defined from gluing as follows. The tangent space TM(p,q) 
is the kernel of the operator D^, w = (v m , u m , . . . , V\,ux, vq) considered in 
Lemma l4.17l Moreover, since the cokernel of Dq, is naturally oriented, the coher- 
ent orientation of Det(-D,j) induces a "coherent" orientation on kcr D^. Recall 
that the analytical expression of D a is D Vm S>D Um Q)D' Vm _ i $>. . .®D' Vi ®D Ul ®D Vo , 

and note that D^, admits a natural stabilization _D~ obtained by replacing 
D' v ., i = 1, . . . ,m— 1 with D{Qr}(vi,T Vi ) (sec Rcmark l4.11l for the definitions). 

By [SI Corollary 6] there is a natural isomorphism <fi : ker Z?~ m 1 kcr -D*™/~\ 
which preserves the coherent orientations. We denote by <j> '■ ker D~ 
ker D^ s the composition of (j) with the projection II on ker along the 

image of the right inverse Qs of Da s {w) given by Proposition ^. 181 Since Dg 5 (w) 
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and D Us are close in the relevant 5-norm, we get that <p is an isomorphism pre- 
serving coherent orientations. 

The vertical maps change orientations by e(u), respectively e(us) by defi- 
nition, and the whole work now goes into determining the action of </> on the 
geometric orientations. 

Remark 4.33. If 7 is a good orbit and p £ Crit(/ 7 ), the geometric orientations 
on W u (p) and W s (p) coincide with the coherent ones. Indeed, the unstable 
manifold W u {p) is naturally identified with the zero set of the section 9_oo,i 
defined on Bl' p ' d (p, S 7 ; / 7 ) by l[54]). whereas the stable manifold W a {p) is natu- 
rally identified with the zero set of the section d-\ t00 defined on Bg' p ' d (S^, q; / 7 ). 
The assertion for W s (p) is then a direct consequence of the definition of the ori- 
entation on Det(0 s (R x 5 1 , n ; 7, 7 9 )). As for W u {p), let us consider the gluing 
operation 

O u (M. x S 1 , 6„] 7 P , 7)ov x— ($ S (R x S 1 , n ; 7, j p ) — > 0(R x S 1 , 9 n \ j p , 7 P ). 

We choose the surjective operators D\ := Ai J7 ,_«,,i! D2 := D U j iTi _i i00 corre- 
sponding to the constant gradient trajectory at p. With these choices D\^D 2 = 
D Us 7 _ oooo =: D also corresponds to the constant gradient trajectory at p. The 
operator D is an isomorphism and, by the coherent choice of the orientations, 
the determinant line Det(D) ~ R is positively oriented. If p is the maximum of 
/ 7 then ker D 2 — TpS^ as oriented vector spaces (by definition), the kernel of 
Di is trivial and its determinant line must be positively oriented. If p is the min- 
imum of / 7 then ker Z? 2 is trivial and its determinant line is positively oriented 
by definition, therefore ker D\ ~ T p S 1 must have the geometric orientation. 

Lemma 4.34. Assume dim M A (p, q; H : {/ 7 }, J) = and fix an element [u] £ 
■M A (p, q; H, {/ 7 }, J) with m < 2 sublevels. Then e(u) = e(us) if m = 0,1 and 
e(u) = — e(us) if m = 2. 

Proof. If m = the statement is obvious since u consists of a single gradient 
trajectory and u — us (see Lemma l4.28[) . We now have to show that the map <f> in 
the previous diagram preserves the geometric orientation if m = 1, respectively 
reverses it if m = 2. Since a shift a on u\ produces a glued trajectory us shifted 
by the same amount a, we infer that <j>(d s u\) = d s us and, for m = 1, the 
statement follows from the commutativity of the diagram. 

Let us now examine the case m = 2. We recall that <fi = n o 0, where the 
isomorphism cf> is the composition of the gluing map G in the proof of Propo- 
sition HTTS] with the projection to ker D^,~s along the image of Qs (see [5])- 
We first show that 4>(d s ui + d s U2) is close in || • |ji.5-norm to d s us. We denote 
w a ' a := (V2,u 2 (-+o-),vx,ui(-+a),v ), a £ M. Then G(0 9 s u 2 <9 s ui 0) 
is || • || M -closc to ■£\ <7=0 G s {w a '' T ) 1 which is || ■ ||i, a -close to £\ a=Q Gs{w)(- +0), 
which is in turn close to -£;\ a - v s(' + cr) = d s vg. Then <j>(d s Ui + d s u 2 ) = 
II(G(0 © 9 s u 2 © 8 9 s mi © 0)f is || • ||i, 5 -close to n(9 s u 5 ) = 

We now show that (j)(d s ui — d s U2) £ ker D U6 ffiR is a vector having a negative 
component in the R direction and whose component on ker D us is || • ||i {-close 
to —d s u\. Then the conclusion follows. 
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Let u>- a ' a := (v 2 ,u 2 (- - a), v u Ui(- + a), v ), <J € R. Then G(Offi (-d s u 2 ) < 

jL\ ( 

da \a=0 



© d s ux © 0) is || • ||i,«5-close to -£\ G 5 (w" <T ' CT ). We define e(a) := 25a and 



the section 

is by construction || • || i^-close to ^| cr _ G',5(u'~ cr '~' T ), hence || • || i i( s-close to 
—d s us- By adapting the arguments in the proof of Proposition 14.151 one sees 
that the section 

f e \ e=0 dr vl +eG S ,e(ti) = Dd Tvi j e \ e=0 G s Aw)+D{d T }(Gs(w),T Vl ) ■ (0,1) 

is || • H^-small. Here the sections Bt are of the form 8h t ,j, where Ht is the s- 
dcpcndent Hamiltonian given respectively by (|54[) on the intervals of definition 
of V2, v\, Vo, and equal to H on the intervals of definition of ui, u 2 . The previous 
equation shows that | £=0 G6 j£ (w), 1) € dom(Z)j|^~)) is || ■ || i^-close to ker D^ s - 
On the other hand, equation (JHSJ) shows that G(0 © (-d s u 2 ) © © d s ui © 0) is 
|| ■ ||i,5-close to —d s u$ — 2(5^| £=0 G5 !C (-w). Hence, after projecting to ker D^ e = 
ker D Us © R, we get a vector having a negative component in the R direction 
and whose component on ker D Us is || • Hi^-close to —d s us- □ 



Proof of Proposition 13.91 The special statement concerning the case m = 
was proved in Lemmas 14.281 and 14 . 341 whereas the equality e(u) = (— l) m_1 e(it5) 
in case m = 1, 2 was the content of Lemma T4. 341 The proof in the case m > 3 
is just a more elaborate version of the proof of Lemma \A. 341 We consider the 
basis of T U M (jp, q) given by 

e := d s u m + d s u m -i + . . . + d s u 2 + d s ui, 
ei := -d s u m + d s u m -i + ■ ■ ■ + d 3 u 2 + d s ux, 

e m -2 := -d s u m — d s u m -i — . . . + d s U2 + d s ux, 
e m -i := -d s u m - d s Um-i — . . . - d s U2 + d s ux. 

It is easy to see that the orientation determined by (e , . . . , e m _i) is the same 
as the geometric orientation determined by (d s u m , . . . ,d s Ux). We have to show 
that the orientation of the basis (0(eo), . . . , (/>(e m _i)) differs from the canonical 
orientation of (d s u 5 ) © R m_1 by (-l)™" 1 . 

As in Lemma \A. 341 we see that </>(eo) is || • || 1.5-close to d s us- We now show 
that </>(efc) € ker D U5 © R m_1 , k = 1, . . . , m — 1 has a negative component which 
is bounded away from zero along the corresponding factor R C R m_1 , that 
the other components in R m_1 are close to zero, whereas the component along 
ker D Us is close to ~d s ug in || ■ Hi^-norm. Then the conclusion will follow since 
the orientation defined by (</>(eo), . . . ,</>(e m _i)) is the same as the orientation 
defined by 



{d s us, 0, . . . , 0), (-d s u s , -1, 0, . . . , 0), . . . , {-d s u s , 0, . . . , 0, -1)). 
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Let us fix k = 1, . . . , m— 1. We shall freely use the notation e k for the vector 
© (-d s u m ) © © ... 8 (-<9 s M m _fc+i) © © d s u m _ k © . . . <9 s mi © in the domain 
of the gluing map G defined in the proof of Proposition 14.181 For a > we 
denote 

^k"'" ■={ v m,u m (--a), . . .,u m -k+i(--cr),v m -k,u m - k (- + a), . . . , m(- + a), v ), 

w~' 7 '~ a :={v m ,u m (--a), . . . ,u m -k+i(--<r),v m -k,u m -k(--<T), ■ ■ ■ ,ui{--a),v ). 
Then G{e k ) is || • ||i, a -close to £ \ a=Q G 5 {w~ k ' 7 '' J ). We denote 

e fe (e) := (0, . . . , e, . . . , 0), 

where the parameter e > appears on position m — k. The section 

-^\ a=0 G Sr e k (2Sa)(^ a ) = ^L =0 Ga(^r ,CT ) + ^j e \ e=Q G 5rek {w) (89) 

is by construction j| -Jji^-closc to -£ | (j=Q G,5(u;~ cr '~ cr ), hence | ■ || 1,5-close to —d s us. 
As in Lemma T4. 341 by adapting the arguments in the proof of Proposition ^. 151 
one sees that the section 

j e \ e=Q dT Vm _ k +eG s ? k{e) {w) = Dd Tvm _ k ^-J e=0 G srek(e) (w) 

+ D{dr}{Gs{w) : T Vm _ k ) ■ (0,1) 

is || • H^-small. As before, the sections &t are of the form Bh t ,j, where Ht 
is the s-dependent Hamiltonian given respectively by (|54[) on the intervals of 
definition of v m , t> m -i, ■ • ■ , ^Oj an d equal to H on the intervals of definition of 
u m , . . . , u±. The previous equation shows that 

(^Lo G ^(e)(w)A ■ • ■ , 1, . • . ,0) G dompg^) 

is || • |j i 5-close to ker D^ s ■ On the other hand, equation |89|) shows that G(ek) 
is || • Hi^-close to — d s u$ — 28^\ e=Q Gs t z k { e ){w). After projecting to ker D^J 1 we 
get a vector whose fc-th component in K m_1 is negative, whose other components 
in K m_1 are small, and whose component on ker D Us is || • ||i {-close to —d s ug. 

□ 



Remark 4.35. We chose to define the signs e(u) by comparing the orientation 
induced on T u A4 A (p, q; H, {/ 7 }, J) by the fiber sum rule from the coherent ori- 
entations on TA4 Ai (S* 7i , SL i _ 1 ; H, J), i = 1, . . . ,m with the orientation of the 
basis (d s u m , . . . , d s ui). Another possible recipe would have been the following: 
induce orientations on TAi Ai (S^ /i ,3 li _ 1 ;H, J) out of the coherent orientations 
by quotienting out (d s ), then apply the fiber sum rule in order to get a sign on 
the zero-dimensional spaces T\^M. A {p, q; H, {/ 7 }, J). The sign obtained in this 
way would have differed from the previously defined e(u) by a factor ±1 which 
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can be explicitly computed and which depends on the combinatorics of the lev- 
els of u. The curious reader can test this procedure in the case m = 1: it gives 
a sign equal to e(u) if p, q are both minima, respectively equal to — e(u) if p, q 
are both maxima. The following two properties of the fibered sum constitute 
a useful tool for making the verification (here W\ and W2 are oriented vector 
spaces). 

• the natural isomorphism W\ (B/ 2 W2 — '* W\ ffi ker f% changes the orien- 
tation by (-l) dim Wx-(dim W2+1). 

• the natural isomorphism W\ y x W2 ker /1 © W2 preserves the orien- 
tation. 



A Appendix: Asymptotic estimates 

For all 7 G V(H), we choose coordinates ($, z) G S 1 x R 2n_1 parametrizing a 
tubular neighbourhood of 7, such that $ o j(9) = 9 and z o 7(6*) = 0. Given a 
smooth function / 7 : S y — > K, we denote by (py the gradient flow of / 7 with 
respect to the natural metric on S 1 . 

In a neighbourhood of 7 £ V{H) the Floer equation d s u + Jdgu — JXh = 
becomes d s Z+Jd e Z+J-^-JX H = 0, where Z{s, 6) := ($ou(s, 9)-6, zou(s, 9)). 
Since Xh = ^ on {z — 0} this can be rewritten as 

d s Z + Jd e Z + Sz = 

for some matrix- valued function S = S(#, z). The matrix S 00 {9) := 5(0,0) is 
symmetric. Let Aoo : H k (S 1 , R 2n ) -> H k ~ 1 (S 1 , R 2 ") be the operator defined by 

d9 

The kernel of has dimension one and is spanned by the constant vector 
ei := (1,0,..., 0). We denote by Qoo the orthogonal projection onto (ker Aoo) 1 - 
and we set := 11 — Qoo. Then A oo is invcrtible when restricted to imQoo 
and Qoc Aoc = ^4oo- 

Proposition A.l. Let H E H' be fixed. There exists r > suc/i that for all 
J Ej l and for all u G M A {S W , 5 7 ; H, J), 7,7 6P(/f) we /lave 

dou(s,e)-0-~d o e W X *G -00, -s ] x 5 1 ,R;e r|fl| dade), 

zo U ( s ,6>) e VK 1,P (] - 00, -s ] x 5 1 ,K 2n ~ 1 ;e r|s| dsd0), 

i?ou(s,e) -6»-£o G VF 1 ' p ([s o ,oo[xS 1 ,K;e r l fl ldsd0), 

zou(s,9) e VF 1 ' p ([so,oo[x5 ,1 ,M 2n - 1 ;e r|s| dsd6»), 

/or some 9q,9 q G 5 1 and some so > sufficiently large. 
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Proof. We make the proof only at +00 since the case of —00 is entirely similar. 
For s large enough we set S(s, 9) := S(d o u(s, 6),z o u(s, 6)), so that Soo(9) = 
limg^oo S(s, 9) and ]im g _ >a0 \d s S(s, 9)\ = 0. 

Let A(s) : H k (S\M. 2n ) -> H*- 1 (S 1 ,R 2n ) be the operator defined by 

A(s)Z:= J^Z + S(s,9)z, 

so that Aoo = lims^oo A(s). We have A(s) = A(s)Qoo, <9 s <3oo = Qood s . Since 
is invertible when restricted to imQoo and Qoo^oo = Ax>) the operators 
A(s) and Qoo A(s) are also invertible when restricted to im Qoc for s large enough 
and there exists c > such that 

\\A{s)Q 00 Zf > ||Q 00 i4(«)Q 00 .Z|| a > cWQ^Zf 

for all Z £ H k (S 1 ,M. 2n ) . For s large enough we define 

f(s) := l\\ QoD Z( S )\\ 2 . 

We have 

/"(*) = ||9 s Qoo^|| 2 + {Q 00 Z,d 2 s Q 00 Z) 

= II^QooZH 2 - (Q^Z, d 3 Q 00 A(s)Q 00 Z) 

= \\Qo A(s)Q 00 Z\\ 2 - (QooZ, Q o(9 s A( s ))Q 00 Z - Q^sfQ^Z) 

> {c-e^Q^Zf + ^Aisf - A{s))Q 00 Z,A{s)Q 00 Z) + \\A{s)Q 00 Zf 

> (2c-2e)\\Q 00 Z\\ 2 >4p 2 f(s). 

Here A(s)* is the adjoint of A(s) and we used the fact that ||9 s ^4(s)|| — > 0, 
A(s)* — A(s) — > for s — > 00 and ||A(s)|| is uniformly bounded. 

Let now So be large enough and define g(s) := f(so)e~ 2p ( s ~ s °' . Then g" = 
V<7, (/ " 9)" > V(/ - 5), (/ - <?)(*>) = and hm^oo f(s) ~ g{a) '= 0. 
Then / — g < on [sq, 00 [ because it cannot have a strictly positive maximum. 
Therefore 

\\QooZ(s)\\ < ||Qoo^(s )||e- p(s ^ o) . 

It is important to note that this estimate holds for any Sobolev norm H k . By 
the Sobolev embedding theorem this implies the following pointwisc estimate 

\QooZ(s,6)\ <c e - ps , \d e QooZ{s,e)\ = \a e Z(s,e)\<Ce-P s , s>s . 

Because d s Z + A(s)Z = d s Z + A(s)Q oc Z = we obtain 

\d s Z(s,6)\ <Ce~P s , s>s 

and, by integration on [s, 00 [ and taking into account that Z(s, 9) converges to 
(0 O , 0, . . . , 0) for s — ► 00, we obtain the pointwise estimate 

1(0-0-00,*)! <Ce~P s . 

This implies the conclusion for any r < p. □ 
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Proposition A. 2. Let H E H' and {f 1 : S 1 — ► R} 6e a collection of perfect 
Morse functions indexed by 7 G "Pa- There exist r > and o"o > suc/i £/iai 
/or J <E J, 7,7 G P(-ff), P G Crit(/ T ),g G Crit(/ 7 ) and /or a// (<5, u) G 

■ A ^]o,5 ]( ; >p'2g;- ff '{A'}>' 7 )> we ftaue 

o u (s, 0) - 9 - ip s s f ^(9 ) G W^ p (] -00, -s ] x S\R;e r ^dsd9), 

zou(s,9) G W 1 ' p (}-oo,~s Q }x S\R 2n - 1 ;e r ^dsdd), 

tfou(s,9)-9-<p S / :L (9 ) G ^ 1 ' p ([s ,oo[xS ,1 ,R;e r|s| dsd6'), 

zou(s,9) G W 1 ' p ([s ,oo[xS ,1 ,R 2Tl - 1 ;e r|s| dsd6'), 

/or some 9q,9 G 5* 1 and some so > sufficiently large. 

Proof. The proof is similar to the one of Proposition I A. 11 With the same nota- 
tions as before the Floer equation satisfied by u can be written in local coordi- 
nates Z = (•& — 9, z) as 

d s Z + Jd e Z + Sz-SVf^Zi) = 0, (90) 

where Z\ := d — 9. We again show that /(s) = ^HQooZH 2 satisfies an inequality 
of the form f"(s) > 4p 2 /(s). There are two additional terms to estimate in the 
expression of /"(s), namely 

(Q o^<5QooA(s)V/ 2 (Zi)) (91) 

and 

(QooS,*Qoo0.(V/2(Zi))). (92) 

Let Poo := 11 — Qoo be the orthogonal projection on ker A^. The main observa- 
tion is that QooV f-yiPooZx) =0. As a consequence there exists a matrix-valued 
function L = L(s, 9) such that 

QcoVf x (Zi) = LQooiZx). 

The term (pJTj) is then estimated by 

(Qoo^,(50ooA(s)V/ 1 (Z 1 )) = (Q x Z,SQ 00 A(s)Q 0C Vf 1 (Z 1 )) 

< CSWQooZf 

for s > so, where so depends on u, but C depends only on 7 and f 1 . Similarly, 
the term (|92|) is estimated by 

{QooZ^QoodsiVf^))) = (QnZJdeQooV f z (Z x )) 

< C5\\Q 00 z\\\\d a Q 00 (z 1 )\\ 

< ^-(WQooZf + WdsQooZW 

The norm of d s QooZ = Q^dgZ satisfies 

II^QooZH = ||QooA(s)Z - SQooVf^Z^W < C\\QooZ\\. 
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As a consequence, there exists do > and p > such that f"(s) > ip 2 f(s) for 
s > sq and < 5 < So. As before, we infer the pointwise bounds 

\QooZ(s,e)\ < Ce- p \ {deQocZ&ejl = \d e Z(s,e)\ < Ce~P\ s > so. (93) 

It remains to estimate PqqZ. For that we write V/ 7 (Zi) = V f 1 {P 00 {Zi)) + 
KQoo{Zi) for some matrix-valued function K = K(s, 9). Again, for s > Sq, the 
norm \\K\\ is uniformly bounded by a constant depending only on 7 and / 7 . By 
applying to the equation (|90|) and using the fact that PooV/ 7 (Poo(Zi)) = 
V/ 2 (Poo(^i)) and PooiZi) = PUZ) we obtain 

mP^Z) - SVf^PooZ)] < Ce-P s . (94) 

We claim that this implies 

|Poo^(s) - ^ /x (0 o )| < Ce- ps , s > so (95) 

for a suitable 9 . We choose a Morse coordinate x on S-y around the critical 
point q of / 7 in which the gradient V/ 7 (x) = ±Mx, M > 0. Then equation (|94| 
becomes 

9 s (P 00 Z)(s) t SMPooZis) = G(s) 

with |G(a)| < Ce"" 8 . Then P QO Z(s) = c(s)e ±SMs with e ±<5Ms <9 s c(s) = G(s). 
As a consequence, for S < p/M the function c admits a limit Cqo as s — > 00 and 

c(s) = Coo - J, 00 G(CT)e = F 5MCT dcr. Let # be such that <^ /x (6> ) = c°ce ±SMs (note 
that Coo = if q is a maximum) . Then 

|P«,Z(a) - cp S s fx (6 )\ = \e ±6Ms j°° G{a)e* 6M ° d*\ 
< Ce- ps . 

The estimates (|93|) and (|95|) imply the conclusion. □ 

Proposition A. 3. Let 5 g]0, <5o] and iet € Ai A ( 1 y p ,^/^, Hs, J). Let Is — 

[sq(6), Si (<5)] be an interval such that Us(Is x S 1 ) is contained in the domain 
of a coordinate chart Z = ($, z) around S 7 for some 7 G V(H). 

There exist p > 0, 9 G 5 1 , C > and M > sitc/i £aa£ z o u(s,9) and its 
(first order) derivatives are bounded by 

coshfofs — SQ+Sl )) 
cosh(p(si - so)/2) 

for s € Ig, 9 e S 1 . If PooZ(s), selj stays away from all but one of the critical 
points of / 7 , then i? o u(s, 9) — 9 — (fs (9q) and its (first order) derivatives are 
bounded by 

Cmax(|lQoo^( g o)||J|Qoo^ 1 )||)e^-^ C °y ~ 

cosh(p(si - so)/ 2) 

Moreover, if P ao Z(s), s £ Is stays away from all critical points of / 7 , the above 
bound is improved to (|96p . 
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Proof. With the notations of Proposition lA.2[ the Floer equation satisfied by u 
can be written in local coordinates Z = (i? — 6, z) as 

d s Z + Jd e Z + Sz-5Vf 1 (Z 1 ) = 0, (97) 

where Z\ := <d — 6. Let = Jjg + S , 00 (^) the asymptotic operator at 7, let 
Qoo be the orthogonal projection onto (ker A aD )' L and := 11 — Qoo. Then, 
as in Proposition IA. 21 the quantity f(s) = ^WQooZW 2 satisfies an inequality of 
the form f"(s) > 4p 2 /(s). Define 

(\ <t( \ ft „ cosh(2p(.s-^)) 

Then (/ — g)" > 4p 2 (/ — g) and / — <? cannot have a strictly positive maximum. 
Since /— g < at so & n d si, we infer that / — g < O011/5. As in Proposition ! A. 1| 
we infer the pointwise bounds for s > so 

\QooZ{s,9)\ < C 9l {s), (98) 
\d 6 Q 00 Z{ s ,e)\ = \d s Z{s,e)\ < C 9l (s), 
|9 S (P 00 Z)( S )- ( 5V/ 7 (P 00 Z)( S )| < C igi (s), 

where 

/cosh(2p(s- 



gi(s) := max(||Q oo Z(s )||, ||<5oo^(si)||)i 



cosh(p(si - s )) 



If P 00 Z(s) stays away from Crit(/ 7 ), we can assume that W f 1 {P 00 Z{s)) = M 
in some suitable coordinate on S . Then the last equation becomes 

9 s (P 00 Z)(s)-5M = G(s), 

where |G(s)| < C\gi{s). By direct integration we obtain 

\(P oc Z){s)-6Ms-c \ = f G(cr)d<T 



G 



- s ° t - )) 



< G 2 — |smh(p(s — ))| 

. ^ \/2 , , - s + si 

< G 2 — cosh(p(s — )). 

P 2 



Here C 2 = C\ max(||Q 00 Z(so)||, ||Q o-Z'(si)||)/ v /cosh(p(si - s )) and we have 
used the inequality V cosh x < \/2 cosh(a;/2). Therefore, there exists a uniquely 
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determined Oq £ S 1 such that 



cosh os — 

<||Qoo^0)||,||Qoc^l)||) ■ 7' 2 

y'cosh^si - so)) 

<||Qoo^o)IUIQoo^i)ll) cosh(p(si _ so)/2) . 



The last inequality follows from cosh(x/2) < v cosh x . A similar manipulation 
on gives 



IQoo^MI <CV2max(||Q oo Z(s )||,||Qoo^( S i)||)^7^ 

cosh(p(si - s )/2) 

The last two inequalities imply the conclusion of the Proposition in the case 
when P OQ Z{s), s S Is stays away from Crit(/ 7 ). 

If PooZ(s) is allowed to approach one of the critical points of / 7 , the estimate 
on |<5oo^(s)| stays the same, but the estimate involving P 00 Z(s) has to be 
modified as follows. In a suitable Morse coordinate chart around the critical 
point we can assume that V/ 7 (x) = ±Mi, M > and we have to study the 
equation 

d s (PooZ)(s) t SMPooZis) = G(s), 

with \G(s)\ < Cigx(s). As in Proposition E3 we have P^-^s) = c(s)e ±<5Ms 
with e ±6Ms <9 s c(s) = G(s). Then c(s) = c + f f 0+sl e* 6Ma G(<r) da and there 

exists &9 e S 1 such that tpt 1 ' 1 (9 ) = c e ±SMs . We obtain 

KP^Xs)-^^)! < f e ±SM ^G(a)da 

The last integral is bounded by 

max QooZ s ) , Qoo^ si) ) 

p cosh(p(si - s )/2) 

as in the previous case and the conclusion follows. □ 



G(a) da 

•0 + *l 
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D u , linearized operator, 9 
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Gs-(w), pre-glued curve, 46 

H$, perturbed Hamiltonian, 14 

P, mixing map, 57 

Poo, asymptotic operator, 27, 84 

Q$, right inverse for gluing theorem, 56 

Qoo, asymptotic operator, 27, 84 
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R\, Recb vector field, 6 

5, splitting map, 58 

SC^{H), symplcctic chain group, 8 

SH^{W. cu), symplcctic homology, 11 

5 T , circle of orbits, 14 

Soa j asymptotic matrix, 27, 84 

X, Liouville vector field, 6 

Xh j Hamiltonian vector field, 6 

A w , Novikov ring, 8 

e(u), 20 

0, cutoff function, 23, 31, 34, 46, 48, 70 
{3l, cutoff function, 57 
Ah i action functional, 7 
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£{u), energy, 9 
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TC , autonomous admissible Hamiltonians, 13 
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V(H),V a (H), 7 
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7>f, 14 

5, loops of symmetric matrices without degen- 
erate directions, 69 

Oh, 22 
9h 5 ,j, 31 

9o,6,e := j, 34 

e(u), 21, 80 

e(u), e(u.s), 10, 20 

7mm, 7Mos) surviving orbits, 15 

ind(p), index of critical point of / T , 18 

^4(7), index of Recb orbit, 8, 15 

cv, ev, evaluation maps, 17 

d, Floer differential, 10 
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S, loops of symmetric matrices with one degen- 
erate direction, 74 
Spec(M, A), 6 
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